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Chromaticity discrimination ellipsoids are measured in the
psychophysical experiment by the use of an LCD. Four measured
ellipsoids at red, green, blue, and gray color regions are shown.
From a set of just discernible colors of ten observers corresponding
to areference color, two ellipsoids are cal culated with statistic
method and fitting method. The results show that the distribution of
just discernible colors can be better described with the best fit
ellipsoid. The measured ellipsoids of red and blue reference colors
slightly tilt about luminance axis. It is shown that the length of
luminance axis of an ellipsoid depends on reference color and is
longer for red and blue reference colors. The ratios of the maximum
and minimum length of luminance axes among the four measured
reference colors are 1.41 and 1.45 for statistic ellipsoids and best fit
ellipsoids, respectively. The long axis directions of the constant-
luminance cross sections of measured ellipsoids do not point at the
origin of CIELAB. Asthese experimental results cannot be
predicted by CIEDE2000, the development of more accurate version
of color difference formulais necessary. The measurement of a
chromaticity discrimination ellipsoid is time consuming. A
simplified best fit ellipsoid is defined, in which the tilt of ellipsoid
about luminance axisis neglected. The required time can be
significantly reduced for measuring the simplified best fit ellipsoid.
The main characteristics of the distribution of observers’ just
discernible colors also can be well described with the simplified
best fit ellipsoid.
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Abstract

Chromaticity discrimination ellipsoids are measured in the psychophysical experiment by the use of
an LCD. Four measured ellipsoids at red, green, blue, and gray color regions are shown. From a set of
just discernible colors of ten observers corresponding to a reference color, two ellipsoids are calculated
with statistic method and fitting method. The results show that the distribution of just discernible colors
can be better described with the best fit ellipsoid. The measured ellipsoids of red and blue reference
colors slightly tilt about luminance axis. It is shown that the length of luminance axis of an ellipsoid
depends on reference color and is longer for red and blue reference colors. The ratios of the maximum
and minimum length of luminance axes among the four measured reference colors are 1.41 and 1.45 for
statistic ellipsoids and best fit ellipsoids, respectively. The long axis directions of the constant-
luminance cross sections of measured ellipsoids do not point at the origin of CIELAB. As these
experimental results cannot be predicted by CIEDE2000, the development of more accurate version of
color difference formula is necessary. The measurement of a chromaticity discrimination ellipsoid is
time consuming. A simplified best fit ellipsoid is defined, in which the tilt of ellipsoid about luminance
axis is neglected. The required time can be significantly reduced for measuring the simplified best fit
ellipsoid. The main characteristics of the distribution of observers’ just discernible colors also can be
well described with the simplified best fit ellipsoid.

Keyword: color difference formula, chromaticity discrimination ellipse, display



1. Introduction

In the 20th century, popular color displays are based on cathode ray tube (CRT) technology. After
about the year 2000, color liquid crystal displays (LCDs) became popular and replaced CRT displays at
astonishing speed. Nowadays, flat panel displays are everywhere in our daily life. Televisions, computer
monitors and mobile phone displays are examples. Flat panel displays are successful owing to their
characteristics of high resolution, low power consumption and light weight. The display of wide color
gamut (WCG) is able to show more colorful and attractive images [1-5]. HDTV standard was specified in
the era of CRT. As technology advances, it is a trend to design WCG displays for attractive color
appearance. A new IEC specification xvYCC was defined in 2006 for the video signal format that is able
to represent the color gamut much wider than HDTV color gamut [6]. xvYCC is an extension of YCC
specified in ITU-R BT. 601 [7]. The specification xvYCC was adopted in the interface specification
HDMI 1.3 for transmitting uncompressed digital data in the same year [8]. The color coordinates of
primaries and white point specified in xvYCC are the same as that of HDTV standard. Negative values of
xVYCC signals are allowed for representing the colors outside HDTV color gamut. The signal bit depth
more than 24 bits is also supported in xvYCC for representation of more detailed color and for the
avoidance of contour flaw [9]. A display shows a picture with contour flaw when the original picture
colors of corresponding pixels are smoothly changed but the display shows the same color due to the lack
of bit-depth.

Video programs are usually recorded according to HDTV specification. Primary color coordinates of
WCG displays are much different from that of HDTV primaries. Color processing is required for the
video programs shown on WCG displays so that the color hue shift due to primary changes can be
corrected or preferred color appearance can be achieved. In color processing, the calculation of the color
difference between two color points is frequently encountered. CIE color coordinate system is a non-
uniform color space. The color difference between two color points is calculated by color difference
formula, which is a basic tool for color science and technology.

CIE has published three versions of color difference formulas in 1976, 1995, and 2000 [10-12]. Color
difference formula can be obtained by fitting chromaticity discrimination ellipses to a mathematical
formula [10, 13]. The color coordinates of a chromaticity discrimination ellipse is either x and y in
CIExyY or a* and b* in CIELAB. The two color coordinates relate to hue and chroma. The third color
coordinate Y in CIExyY or L* in CIELAB is kept constant. The chromaticity discrimination ellipses are
measured from psychophysical experiment, in which a group of observers are asked to indentify whether
testing color patches are the same as a reference color patch or not [10]. From the data collected from
the psychophysical experiment, the chromaticity discrimination ellipse centered at the color coordinates
of the reference color patch can be calculated by statistic method. The color patches were usually
prepared with a set of color chips, which are made of tiles and textiles for examples, so that their color
appearance can be stable under a given illumination [13]. The pigments of the color chips are usually not
fluorescent and not highly saturated. Therefore, they do not include high saturation colors in nature
including the colors of butterfly wings and fluorescent light. Visible LED is made of band gap material
and the bandwidth of its emission spectrum is narrow and highly saturated. Thus, current CIE color
difference formulas may not be suitable for calculating the color difference between two high saturation
colors that can be shown by wide-color-gamut displays. Therefore, it is necessary to study the color
difference formula that is suitable for the application of WCG displays.

The color patches with tiny color difference are required in the chromaticity discrimination
experiment. Cathode-ray tube (CRT) displays have been used as the experimental apparatus for
displaying color patches in psychophysical experiments [14-17]. In [14-17], the signal processing in
CRT is analog and the required color patches can be displayed by careful tuning signal voltages.



Nowadays, the signal processing in LCDs is digital and the displayed color patches are limited by the bit
depth. Furthermore the chromaticity characteristic of an LCD is complicated. The relationship of input
signal and output tristimulus values is not linear. We proposed a method by the use of an LCD for
measuring chromaticity discrimination ellipse with the psychophysical experiment [18]. 3D-LUT was
taken as the color device model of the display. A spatial-dithering method was used for the increase of
effective bit-depth. The RGB signal of the LCD is 24-bit (8 bits for each primary signal). We defined a
super pixel comprising 9 pixels. The applied RGB signals of the 9 pixels can be different and are given
as required. Because the visual acuity of human eye is 1 minute of arc, if the viewing angle of the super-
pixel is less than 1 minute of arc, the details of the 9 pixels cannot be observed. Thus, we are able to
generate more than 256 levels for a primary by the use of super pixels and the effective 11 bits per
channel can be achieved.

From chromaticity discrimination ellipses, the color difference due to the combined variation of hue
and chroma can be derived. In the published CIE color difference formulas, the contribution of color
difference from lightness is assumed to be independent of hue and chroma. That is lightness does not
interact with hue and chroma in CIE color difference formulas. In this paper we check this assumption
from the measurement of chromaticity discrimination ellipsoids with the method presented in [18]. The
color coordinates of a chromaticity discrimination ellipsoid are xyY. The experimental results clearly
show that the contribution of color difference from lightness depends on hue and chroma. Thus an
accurate color difference formula should be derived from chromaticity discrimination ellipsoids rather
than chromaticity discrimination ellipses. Furthermore such an accurate color difference formula is
helpful for the determination of bit-depth for avoiding contour flaw [9].

Table I. Color coordinates of reference colors

Color Red Green Blue Gray

X 0.475 0.258 0.228 0.305

y 0.300 0.450 0.250 0.323
Y(cd/m?) | 48 48 48 48

2. Measurement of chromaticity discrimination ellipsoid

The experimental setup is the same as [18] except that an LCD LG-L227WT is used for displaying
color patches. The dimension and resolution are the same as the LCD used in [18]. Room temperature is
kept within 24°C and 25°C. The warm up time is two hours. The display is characterized with the
spectrophotometer Photo Research PR-670. 3D-LUT is taken as the color device model of the display.
Each displayed color patch is prepared with spatial-dithering method and measured with PR-670. Ten
observers are asked to change the color coordinates of the test color so that the test and reference colors
are just discernible. The considered reference color coordinates are shown in Table I, in which they are
chosen to be the same as four reference colors of original MacAdam ellipses [10]. The background color
is set be the illuminant C with the luminance value of 24 cd/m? as original MacAdam ellipses are
measured.

For a reference color coordinates at (Xo, Yo, Yo), the coordinate deviation vector between a color
coordinates (X, y, Y) and the reference color coordinates is defined as

(AX,AY,AY )= (X=X, Y= Yo, Y —Y,) - (1)



Assume that or and oY are the maximum sampling intervals in Ax Ay plane and AY axis,
respectively. A scaled axis is defined as AY = (6r/158Y)AY . We define a spherical coordinates (R, 6, ¢)

with the reference color coordinates as origin, in which R is the radial distance from the origin and is
defined as

R= \/sz +AY +AY?; (2)

@ is the polar angle from the scaled AY axis; ¢ is the azimuth angle from Ax axis. The testing color
patches are equally sampled in the radial directions with polar angle interval A@ and azimuth angle
interval A¢g, inwhich 0<6<180", and 0 < ¢ <360°. The number of sampled radial directions is

N, =(180"/ A6 -1)(360" / Ag)+2 (3)
Along each radial direction, the color coordinates of sampled testing color patches are given by
X, = X, +idrsindcos g, (42)
Y, =X, +iorsingcos¢ , i=1,2,3,.... Ny (4b)
Y, =Y, +idY cosé, (4c)

where N, is the number of sampled testing color patches.

We take &r = 0.00075 and Y = 0.2 cd/m?. It is noticed that, according to the specification of PR
670, measured color accuracy is £0.0015 in CIExy and luminance accuracy is = 2% at the luminance
level of 0.51 cd/m? with 1° aperture against an illuminant A NIST traceable standard. As the luminance
values of reference colors are 48 cd/m? practical color accuracy and luminance accuracy are better
owing to higher signal-to-noise ratio. The total number of sampled testing color patches is Ni= N;Ng. We
take A@=15° A¢=15° and N, =20. Consequently, the maximum color coordinate deviation is 0.015 in
Ax and Ay axes and 4 cd/m?in AY axis; Ng= 266 and Ni= 5320. Because the number of sampled radial
directions is large, the psychophysical experiment takes about two weeks for a reference color. Four
chromaticity discrimination ellipsoids are measured and their reference colors are shown in Table 1.

From a set of just discernible colors (JDCs) corresponding to a reference color, two chromaticity
discrimination ellipsoids are calculated. The first is the statistic ellipsoid that is calculated following the
method shown in [10]. The second is best fit ellipsoid that is calculated by fitting the formula

011 (AX)” + 05, (AY)” +Gag (AY )” +29,,AXAY + 29, AYAY +2g5,AXAY =1, (5)

where the g coefficients are fitting constants. The formula of statistic ellipsoid is the same as Eq.(5).
Eq.(5) can be transformed to the cardinal coordinates (Ax’, Ay, AY") so that the ellipsoid is represented

as
AV (ay) (ayrY
245
a, a, a,

where ay, ay, and ay are the lengths of ellipsoid axes in Ax’, Ay’, and AY' directions, respectively. The
value of ax is chosen to be larger than that of ay, i.e., AX' is the long axis of the ellipse on Ax"and Ay’
plane.




0.315+5 X Measured JDC MacAdam Ellipse 0470=a X Measured JDC MacAdam Ellipse
—— Best Fit Ellipsoid ——— Statistic Ellipsoid |—— Best Fit Ellipsoid ——— Statistic Ellipsoid
- Best Fit Ellipse Statistic Ellipse oass5d Best Fit Ellipse Statistic Ellipse
0.310 Reduced Ellipse ' Reduced Ellipse: :
0.460
0.305 + k
0.455 =
0.300 - ]
y 0.450
0.295 4 0.445
0.290 4 04404
0.435
0.285 4+———v—7—+—F——1——7—— —————r——r—T———r—T—r—
0.460 0465 0470 0475 0480 0485 0490 0.240 0.245 0.250 0.255 0.260 0.265 0.270 0.275
X X
(a) (b)
0.260= X Measured JDC 0.330= X Measured JDC
—— Best Fit Ellipsoid —— Best Fit Ellipsoid
------- Best Fit Ellipse --- Best Fit Ellipse
Reduced Ellipse Reduced Ellipse
0.255 -
0.325 +
0.250
y
0.245 4 0.320 4
—— MacAdam Ellipse — MacAdam Ellipse
Statistic Ellipsoid Statistic Ellipsoid
Statistic Ellipse tatistic Ellipse
S T T T —m— 0.315 Y ' r ' I .
0.215 0.220 0.225 0.230 0.235 0.300 0.305 0.310
X X

(©)

(d)

Fig 1. The cross sections of measured ellipsoids at Y= 48 cd/m? for (a) red, (b) green, (c) blue, and (d) gray reference colors.
The measured JDCs of ten observers at Y= 48 cd/m? are shown. Corresponding MacAdam ellipses and reduced ellipses are
also shown for comparison.



Table Il. Numerical parameters of measured statistic ellipsoids

Color Red Green Blue Gray
ax 0.003558 | 0.003772 | 0.002902 | 0.001725
ay 0.002389 | 0.002833 | 0.001957 | 0.001215
ay 0.8570 | 0.7262 | 0.7758 | 0.6077
Wiy 1.13° 0.672° 1.14° 0.0574°

Table 111. Numerical parameters of measured best fit ellipsoids

Color Red Green Blue Gray
ax 0.01244 | 0.01418 | 0.009464 | 0.005876
ay 0.004209 | 0.006192 | 0.003311 | 0.002252
ay 1.305 0.95851 1.302 0.8951
Wiy 5.58° 2.59° 7.33° 0.247°
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Fig 2. The cross sections of measured ellipsoids at (a) Ay =0 and (b) Ax =0 for red, green, blue, and gray reference colors.
The measured JDCs of ten observers at Ax = Ay =0 are shown.

3. Experimental Results



Tables Il and Il show the axis lengths of measured statistic ellipsoids and best fit ellipsoids,
respectively. The angle between AY and AY' axes are also shown in the two tables. The cross sections
of measured ellipsoids at Y= 48 cd/m? for red, green, blue, and gray reference colors are shown in Fig. 1,
in which the cross sections of statistic ellipsoids and best fit ellipsoids are shown with red and blue solid
lines, respectively. The cross sections are ellipses on xy plane. In Fig.1, corresponding MacAdam
ellipses are also shown with green solid lines for comparison. MacAdam ellipses are calculated with
statistic method [10]. We can see that the cross sections of best fit ellipsoids are much larger than that of
statistic ellipsoids. The measured JDCs of ten observers at Y= 48 cd/m® are shown in Fig.1 with cross
symbols. The JDCs are well fitted by cross sections of best fit ellipsoids. The ratios of the axis lengths of
cross sections of best fit ellipsoids represent the distribution of JDCs better than that of statistic
ellipsoids.

Fig. 2(a) shows the cross sections of measured ellipsoids at (a) Ay =0 and (b) Ax =0, in which the
cross sections of statistic ellipsoids and best fit ellipsoids are shown with red and blue solid lines,
respectively.. The measured JDCs of ten observers at Ax =Ay =0 are also shown in Fig.2 with cross
symbols. Fig. 2 clearly shows that the just discernible luminance (JDL) depends on reference color. The
dependence is not predicated by CIEDE2000. The ellipsoids slightly tilt about Y axis for red and blue
reference colors. The axis lengths a, and tilt angles y,, of the ellipsoids are shown in Tables Il and I1I.
The JDLs of red and gray reference colors are the maximum and minimum among the four reference
colors. From Tables Il and 111, the ratios of the maximum JDL and minimum JDL are 1.41 and 1.45 for
statistic ellipsoids and best fit ellipsoids, respectively. The tilt angles v, is larger for red and blue

reference colors.

Best Fit Ellipsoid
Green Statistic Ellipsoid
0.5+ ——— MacAdam Ellipse
e AE00=1
0.4 -
Gray Red
y
0-3 ] @
0.2 -
Blue
L} M | M L] ¥ L]
0.2 0.3 0.4 0.5

Fig. 3. The cross sections of measured ellipsoids at Y= 48 cd/m® for red, green, blue, and gray reference colors.
Corresponding MacAdam ellipses and CIEDE2000 ellipses with AE,, =1 are also shown for comparison.



A statistic ellipsoid is calculated on the assumption of normal distribution. The axis length of a
statistic ellipsoid is the standard deviation of the normal distribution. This is the reason that the size a
statistic ellipsoid is smaller than that of a best fit ellipsoid. Since there are only ten observers in our
experiment, the use of statistic method for calculating a chromaticity discrimination ellipsoid may not be
proper. From the results shown above, when the number of observers is not large enough, the use of
fitting method is a better choice so that the characteristics of measured JDCs can be better described by
the calculated chromaticity discrimination ellipsoid.

759 —— Best Fit Ellipsoid
—— statistic Ellipsoid
MacAdam Ellipse
—— AE =1

Gray

@,

b*

=25 -

-50

75 <hy

Fig. 4. The same as Fig. 3 except that the cross sections are shown in a*b* plane of CIELAB.

Fig.3 shows the cross sections of measured ellipsoids at Y= 48 cd/m? for red, green, blue, and gray
reference colors. Corresponding MacAdam ellipses and CIEDE2000 ellipses with AE,, =1 are also

shown for comparison. All cross sections and ellipses are enlarged fivefold so that they can be clearly
shown. Fig. 4 shows the same case as Fig. 3 except that that the cross sections and ellipses are shown in
a*b* plane of CIELAB. The illuminant C is taken as the reference white of CIELAB. From Fig.4, we
can see that the directions of the long axes of the CIEDE2000 ellipses with AE,,=1 point at origin, in

which (a*, b*) = (0, 0). Also from Fig.4, the long axis directions of the cross sections of measured
ellipsoids and MacAdam ellipses do not point at origin, especial for the cases of red and blue reference
colors.

From Fig.1, the differences between the cross sections of measured ellipsoids and MacAdam
ellipses may be due to the observer factor, room lighting, and other viewing conditions. However, it is
evident that the predictions of JDL and the long axis direction of the cross section of chromaticity
discrimination ellipsoid by CIEDE2000 are not accurate

4. Simplified Chromaticity Discrimination Ellipsoid



From Section 111, the development of more accurate color difference formula is necessary. However,
it requires a large number of reference colors with a variety of xy color coordinates and Y luminance for
deriving a color difference formula. If xy color coordinates and luminance of reference colors are
sampled in steps of 0.05 and 25 cd/m? respectively, it is estimated that the number of reference colors is
about 500 for a WCG display with 450 cd/m? luminance. The measurement of a chromaticity
discrimination ellipsoid is time consuming. The measurement of 500 chromaticity discrimination
ellipsoids takes 250 months for two weeks per reference color in our experiment. The small tilt angle
w,, shown in Tables Il and Il suggests that we may neglect the tilt angle of chromaticity discrimination

ellipsoid. Then, for a reference color, the JDCs at its luminance and the JDLs at its xy color coordinates
are measured for calculating its simplified chromaticity discrimination ellipsoid without the tilt angle
about Y axis. A chromaticity discrimination ellipse is calculated from the measured JDCs. The length of
AY axis is calculated from the measured JDLs. Thus, the number of sampled radial directions in
psychophysical experiment can be reduced from 266 to 22 for a reference color. Total required
experimental time is reduced to 21 months accordingly.

The statistic ellipses and best fit ellipses are shown Fig. 1 for red, green, blue, and gray reference
colors, in which statistic ellipses and best fit ellipses are shown with red and blue dashed lines,
respectively. We can see that best fit ellipses agree with the cross sections of best fit ellipsoids well,
while statistic ellipses do not agree with the cross sections of statistic ellipsoids. As is indicated in
Section 111, the use of best fit ellipsoid is better for describing the characteristics of distribution of JDCs.
The average JDLs are taken as the length of AY axis of the simplified best fit ellipsoid and they are 1.13
cd/m? 0.82 cd/m? 1.19 cd/m? and 0.83 cd/m? for red, green, blue, and gray reference colors,
respectively. The average JDLs are smaller than the corresponding axis lengths a, shown in Table IlI

mainly due to the tilt of chromaticity discrimination ellipsoid about Y axis.

It is noticed that most of the measured JDCs lie outside of the cross sections of statistic ellipsoids.
This represents that the colors within statistic ellipsoids cannot be discriminated by most observers. We
define a reduced simplified best-fit ellipsoid so that the measured JDCs just outside of the best fit ellipse.
The reduced ratios are 0.332, 0.486, 0.332, and 0.548 for red, green, blue, and gray reference colors. The
reduced best fit ellipses are shown Fig. 1 with black solid lines for red, green, blue, and gray reference
colors. We can see that the sizes of reduced best fit ellipses are close to that of the cross sections of
statistic ellipsoids and MacAdam ellipses. Although the value of a reduced ratio quite depends on
observer factor, it is a useful reference from the results shown in Fig.1.

5. Conclusions

Chromaticity discrimination ellipsoids are measured with an LCD. Spatial-dithering method is
applied to the LCD for effectively increasing bit depth per channel from 8 to 11 so that color patches of
tiny color difference can be displayed. The measured ellipsoids of four reference colors at red, green,
blue, and gray color regions are shown. From a set of just discernible colors of ten observers
corresponding to a reference color, two ellipsoids are calculated with statistic method and fitting method.
The results show that the distribution of just discernible colors can be better described with the best fit
ellipsoid. The measured ellipsoids of red and blue reference colors slightly tilt about luminance axis. It is
shown that the length of luminance axis of an ellipsoid depends on reference color and is longer for red
and blue reference colors. The ratios of the maximum and minimum length of luminance axes among
the four measured reference colors are 1.41 and 1.45 for statistic ellipsoids and best fit ellipsoids,
respectively. The long axis directions of the constant-luminance cross sections of measured ellipsoids do
not point at the origin of CIELAB. As these experimental results cannot be predicted by CIEDE2000,
the development of more accurate color difference formula is necessary. The measurement of a
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chromaticity discrimination ellipsoid is time consuming. The measurement time is two weeks for a
reference color in our experiment. Several hundreds of chromaticity discrimination ellipsoids are
required for deriving a new color difference formula for display applications. It is impractical to measure
all the required ellipsoids. A simplified best fit ellipsoid is defined, in which the tilt of ellipsoid about
luminance axis is neglected. The required time can be significantly reduced for measuring the simplified
best fit ellipsoid. The main characteristics of the distribution of observers’ just discernible colors also
can be well described with the simplified best fit ellipsoid. The collection of experimental data is
undertaken and results will be published elsewhere.
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