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中 文 摘 要 ： 本研究旨在探討週期性抽水、非點狀抽水及瞬時抽水等所引

致之地表位移、地層有效應力變化及地層超額孔隙水壓等，

數學模式中，擬引用 Biot 之三維壓密理論，將地層模擬為均

質等向或橫向等向性之多孔隙的彈性半無限域，本研究擬採

用符號運算軟體 Mathematica 與積分轉換方法，推導出各種

典型抽水速率所引致的暫態暨長期之地層反應的閉合解。各

項研究成果均將進行參數影響分析，並將所獲得之研究成果

製作成容易應用之工程圖表，以利於其在工程上之應用。 

中文關鍵詞： 抽水，孔彈性力學，積分轉換，半無限域，閉合解。 

英 文 摘 要 ： This study presents the ground surface displacements, 

effective stresses and excess pore water pressures 

induced by periodic groundwater withdrawal, non-point 

groundwater withdrawal, and transient groundwater 

withdrawal, etc., in a homogeneous isotropic/cross-

anisotropic poroelastic half space.  The formulation 

of the mathematical model is based on Biot＇s three-

dimensional consolidation theory of porous media.  

Using symbolic computation with Mathematica and 

integral transforms, the closed-form solutions of the 

transient and long-term responses of the stratum 

subjected to some typical pumping rates are derived.  

The consolidation affected by the critical 

consolidation parameters are illustrated and 

discussed.  Appropriate figures are constructed for 

the engineering applications. 

英文關鍵詞： Groundwater Withdrawal, Poroelasticity, Integral 

Transform, Half Space, Closed-form Solution. 
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摘  要 
 

  本研究旨在探討週期性抽水、非點狀抽水及瞬時抽水等所引致之地表位移、地層有效應力變化及

地層超額孔隙水壓等，數學模式中，擬引用 Biot 之三維壓密理論，將地層模擬為均質等向或橫向等向

性之多孔隙的彈性半無限域，本研究擬採用符號運算軟體 Mathematica 與積分轉換方法，推導出各種典

型抽水速率所引致的暫態暨長期之地層反應的閉合解。各項研究成果均將進行參數影響分析，並將所

獲得之研究成果製作成容易應用之工程圖表，以利於其在工程上之應用。 

 

關鍵詞：抽水，孔彈性力學，積分轉換，半無限域，閉合解。 
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ABSTRACT 
 

This study presents the ground surface displacements, effective stresses and excess pore water pressures 

induced by periodic groundwater withdrawal, non-point groundwater withdrawal, and transient groundwater 

withdrawal, etc., in a homogeneous isotropic/cross-anisotropic poroelastic half space.  The formulation of 

the mathematical model is based on Biot’s three-dimensional consolidation theory of porous media.  Using 

symbolic computation with Mathematica and integral transforms, the closed-form solutions of the transient 

and long-term responses of the stratum subjected to some typical pumping rates are derived.  The 

consolidation affected by the critical consolidation parameters are illustrated and discussed.  Appropriate 

figures are constructed for the engineering applications. 

 

Keywords: Groundwater Withdrawal, Poroelasticity, Integral Transform, Half Space, Closed-form Solution. 
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一、前言 
 

歷年來超抽地下水所引起的地層下陷問題一直廣受國人重視，審視民國 101 年以來與該主題相關

之研究計畫案發現，除本計畫案以外，至少仍有 16 個相關之研究計畫案仍獲得各界之經費支持[1-16]，

其中有 12 個研究計畫案[1-12]是由國科會予以經費支持、3 個研究計畫案[13-15]是由水利署給予經費

補助、另有 1 個研究計畫案[16]是由農委會給予經費補助。這些計畫案[1-16]與本計畫案[17]所欲探討

之研究主題，均是當今各界相當關注之抽水所引致的地層下陷之相關議題。 

 

如圖 1 所示，計畫申請人自服務於教職以來，即兢兢業業從事於研究工作，並擬訂適合個人之研

究主題，曾多次獲得國科會之經費補助，對累積個人之研究潛能，提昇個人之研究水平，助益甚大。

今本研究計畫案能順利執行完畢，最重要的就是能獲得國科會之經費補助，謹致個人萬分之謝忱。 

 

 

圖 1 計畫主持人歷年來之研究主題規劃說明 

 

本計畫案之各項研究成果如附錄 1~9 所示，共計包括： 

 

1. 已發表於 EI 等級期刊論文一篇[18]，如附件 1 所示。 

2. 投稿後依審查意見修訂中之 EI/SCI 等級期刊論文一篇[19]，如附件 2 所示。 

3. 已發表於 EI 等級之國際會議論文兩篇[20，21]，如附件 3 與附件 4 所示。 

4. 研究成果經初步整理後擬繼續進行投稿之論文三篇[22-24]，如附件 6 至附件 8 所示。 

5. 出席國際會議並擔任會議主持人，如附件 5 所示。 

6. 人才培育：指導參與本計畫案之兼任研究助理謝適任同學完成其碩士論文「單井抽水所引致軸對稱
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彈性沉陷之研究」[25]，如附件 9 所示。 

 

  本研究已研討出瞬時抽水[22]、週期性抽水[24]、點狀抽水[18，22，25]、圓形平面抽水[21]及線

狀抽水[23，25]等所引致之地表沉陷、水平位移及地層超額孔隙水壓等。由於抽水問題與熱壓密問題具

有類比關係，故亦將部分研究成果應用於熱作用源所引致的熱壓密問題之解析[18-20]。 

 

二、研究目的 
 

  水為維繫所有生態體系運作之所需，地球上的水分布於各個角落，包括海洋、冰川、河川、湖泊、

地層及大氣中。台灣雖然平均降雨量約為世界平均降雨量之 2.6 倍，但由於降雨多集中在 5~10 月之豐

水期，故每人所分配之平均降雨量約只有世界平均值的 1/6，因此抽用地下水為解決用水問題的辦法之

一，但由於大量使用並且管制成效不彰，導致地層下陷問題日益嚴重。當地下水因人為使用而被抽取

出來時，原先由固體土壤與孔隙水共同承擔之荷重，會逐漸移轉至固體土壤上，故造成壓密

(Consolidation)現象，所造成的地表下陷情況稱為壓密沉陷(Consolidation Settlement)。地層下陷的過程

通常不易被發現，往往在排水設施功能降低、地下管線受損及土地淹水時才被發現，所以有人稱其為

沉默的土地危機。台灣因工程上或是經濟上的因素過度抽取地下水且未考慮適當的補注機制，已造成

不少縣市深「陷」危機，不只造成國土的流失，且對民生安全的影響亦甚鉅。 

 

地層下陷為目前世界各國普遍遭遇的問題，其成因包括自然因素與人為因素兩方面，而過量抽取

地下水乃是最嚴重的人為影響因素。地下水並非不可抽用，在台灣地下水也是解決部分季節缺水危機

的辦法之一，但如何適量的取用，才不會造成無法挽回的後果是相當重要的。台灣西部沿海由於養殖

業的發展，過量抽取地下水，已造成相當嚴重的地層下陷，致使地下水層的水位面下降、海水入侵地

下水層、地下水層被汙染、土壤鹽化、排水不易等惡果。由於地層下陷為不可逆之現象，故應以嚴肅

態度面對。 

 

為解決抽水所引致的地層下陷問題，除依賴適當的教育宣導與法規的訂定，改變國人用水習慣與

觀念外，亦應從工程上之學理分析層面切入，進行相關之學理分析，藉以瞭解抽水所引致的地層下陷

機制與沉陷結果，其關鍵課題包括抽水所引致的地層位移變化量、及地層孔隙水壓變化量等的探討，

本研究擬分別探討瞬時抽水[22]、週期性抽水[24]、點狀抽水[18，22，25]、圓形平面抽水[21]及線狀抽

水[23，25]等所引致之三維壓密沉陷，並繪製相關之應用圖表，使有助於瞭解此一問題的關鍵影響因素

及其影響結果，研究成果希冀能提供相關主管機關做為訂立相關規範之參考依據。 

 

三、文獻探討 
 

除本國外，抽水所引致的地層下陷亦是世界各國在經濟發展過程中常見的問題[26-35]，這些國家

不僅包括中國大陸[26-28]、墨西哥[29，30]、泰國[31，32]、希臘[33，34]，連已開發國家如美國[35]、

日本、義大利等等國家亦然，因這一類的問題，常是世界各國於經濟發展過程中，於面對水資源不足

的課題時，必須使用地下水為替代性水資源所導致的問題。 

 

探討地層因抽水所引致之力學與滲流行為變化問題時，常引用多孔介質壓密理論（Consolidation 



3 
 

Theory）建立問題之基本方程式。Terzaghi[36]首先提出單向度之壓密理論，其係以有效應力的觀念，

說明土壤的單向度壓密過程。在陸續的研究中，Biot[37]所建立之耦合三維壓密模式，一般公認較為嚴

謹合理，而廣受重視，此一理論模式，Biot[38]曾將其推廣至異向性介質情況。基於 Biot[37，38]壓密

模式，Rice 與 Cleary[39]曾改寫 Biot 之耦合三維壓密模式，因其基本參數較易由試驗獲得，故所建立

之基本方程式較常被引用。Booker 與 Carter[40-43]曾解析單點抽水所引致的半無限域壓密沉陷問題，

數學模式中地層係模擬為均質等向性之線彈性飽和多孔介質，地下水的滲流則模擬為等向性[40]或橫斷

面等向性[41-43]模式；Tarn 與 Lu[44]則進一步探討地層力學與滲流性質均模擬為橫斷面等向性情況

下，抽水引致的半無限域地層下陷問題，其中地表面係模擬為透水暨不透水兩種情況；Barends[45]、

Worsak 與 Chau[46]等人亦曾解析半無限域中之單點抽水所引致的地層下陷問題。直到如今，這一類問

題仍廣受各界的重視[47-57]。 

 

根據各界對抽水所引致地層下陷問題之學理分析發現，抽水時除會引起地層下陷外，亦會引起地

層之水平位移，國內外亦已有許多相關之文獻[47-52]的監測結果印證此一結論。然而，地層水平位移

常被忽略卻是事實，根據計畫主持人的研究發現[53-56]，當地表模擬為透水情況時，抽水所引致之最

大地表水平位移，約為地表最大沉陷量之 30%，顯然這是地表水平位移不宜忽略的重要學理依據；以

學理分析為基礎之相關研究成果，亦已有許多文獻[57-60]證明抽水所引致之地表水平位移相當顯著。

本計畫之研究探討內容，亦包括抽水所引致之地表水平位移量之估算。 

 

Tenney 等人[61]、Tenney 與 Lastoskie[62]曾探討地下水整治時，瞬時抽水問題之數學模式與其解

析，但僅探討其滲流行為，並未進一步研討出所引致的壓密沉陷量。Renner 與 Messar[63]則研究週期

性抽水試驗，對地下水位變化的影響；Propst[64]、Townley[65]、Gendelman 等人[66]、及 Zhao 等人[67]

亦曾探討類似的問題。關於含水層的模擬方式，可包括自由含水層、限制含水層及半無限域含水層等

模擬方式。有關線狀抽水的模擬方式，亦為近年來各界之研究重點。這一類問題，計畫主持人均已順

利以 Biot 三維壓密沉陷理論為基礎，推導出問題的閉合解[17-25]。 

 

一般而言，以數學模擬（Mathematical Modelling）方式探討抽水所引起的地層下陷問題前，基本

而重要的課題是需能事先研討出地層受單點抽水影響時，其所引起的地層力學與滲流行為變化之解析

解，因為這類的解相當關鍵，故亦稱為基本解（Fundamental Solution）。只要這類問題的解可以取得，

則任意形態之抽水的影響，只要對所研討出之解作適當之積分，即可研討出各類相關問題之解。計畫

主持人以往已研討出一系列問題之基本解，本計畫係將問題延伸至瞬時抽水[22]、線狀抽水[18，22，

25]、週期性抽水[24]和圓形平面取水[21]等所引起的三維壓密沉陷問題之閉合解的解析，並已順利研討

出各類問題的閉合解。本計畫於執行過程中，計畫主持人是將 65%左右的時間、人力與資源等投入於

本計畫案中，其餘的時間、人力與資源等則專注於：(1)研究成果的投稿。(2)留意世界各國關於這一類

問題的最新研究趨勢與成果。(3)人才的培育等。 

 

四、研究方法 
 

本研究係採用數學模擬(Mathematical Modelling)的方式進行相關之研究，並推導出問題之理論解析

解(Theoretical Analytical Solution)，使用理論解析方式推估合理之壓密沉陷量。數學模式中乃將含水層

模擬為一半無限域(Half Space)，含水層力學行為與滲流性質是考慮為均質(Homogeneous)等向性

(Isotropy)或橫向等向性(Cross-anisotropy)，並考慮含水層為完全飽和狀態，且適於引用線彈性飽和多孔
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介質彈性力學理論建立數學模式。基於此，研討出地層受抽水作用影響時之穩態(Steady State)或暫態

(Transient)壓密沉陷解析解，其中抽水強度與抽水速率考慮為定值，此外地表邊界則模擬為完全透水與

完全不透水兩種情況加以探討。  

 

本研究基於 Biot 三維壓密理論，並根據以往所推導出之點抽水所導致地層下陷問題的基本解

(Fundament Solution)，利用積分轉換方法(Integral Transform)與符號運算軟體 Mathematica 輔助積分之運

算，用以討論因瞬時抽水[22]、線狀抽水[18，22，25]、週期性抽水[24]和圓形平面取水[21]等所引起的

壓密沉陷問題，所研討出之解包括含水層的垂直位移、水平位移與超額孔隙水壓變化等，並繪製出相

關之工程應用圖表。各項研究結果均可使用簡單之數學符號加以表達，故稱之為閉合解(Closed-form 

Solution)，此亦可為邊界元素法等數值模擬方法建立研究基礎。 

 

  本文之研究成果可應用於以下所述工程實務情況：(1)若能取得含水層的基本水文地質參數資料，

即可進行簡易之沉陷量的估算，因本文是採用線彈性理論進行數學模擬，故通常沉陷量估算結果會較

大，與工程上常希望進行保守評估相符。(2)若能確實考慮以下各種尺度因素的影響，包括含水層厚度、

抽水深度、抽水量、抽水型態、抽水所引致之沉陷影響範圍等，則各項研究成果均可提供工程界於進

行沉陷量估算時之參考。 

 

五、結果與討論 
 

本研究旨在引用數學模擬方式，探討抽水所引致的地表邊界沉陷量、水平位移量與超額孔隙水壓

等，係採用 Biot 三維壓密理論建立基本方程式，將抽水行為模擬為點抽水、瞬時抽水[22]、線狀抽水[18，
22，25]、週期性抽水[24]和圓形平面取水[21]等情況，並將地表邊界模擬為透水和不透水兩種滲流邊界

條件。研討過程中有引用點抽水問題之基本解，再對其進行線積分或面積分的運算，推導出各類抽水

所引致之壓密沉陷行為。經仔細研究與討論後，獲得以下結論： 
 
1. 含水層柏松比對抽水所引致壓密行為有重要的影響：當含水層之柏松比變大時，地層較容易產生

變形，因此會反映出較大之地表沉陷。  

2. 模擬線狀抽水行為時，就取水長度與井深的比值之影響而言：當取水長度與井深的比值增加時，

地表沉陷量也呈增加的現象，這是因為取水長度增加時，代表抽水量也會增加，故壓密沉陷量也

跟著增加。 

3. 各種抽水行為之模擬均呈地表滲流邊界條件有重要的影響：地表模擬為不透水情況下所引致的地

表沉陷會較大，這是因為當地表面模擬為不透水邊界時，抽水所引起之負的超額孔隙水壓無法消

散，含水層之有效應力因而升高，壓密沉陷之效應變大，故所導致的地表沉陷量會變大。 

4. 抽水所引起的地表水平位移量會在水井邊逐漸升高後逐步降低：這是因為單井抽水所引起的地表

水平位移是一軸對稱問題，故地表面在對稱點上之水平位移量應為零；另外，含水層遠處受抽水

擾動的影響很小，故地表遠處之水平位移量亦很小，因此抽水所引起的地表水平位移量會在水井

邊逐漸升高後逐步降低。另外，點抽水所引致的地表最大水平位移是落在 位置

上，其中符號 r 表徑向距離座標變數，h 是抽水深度，則是黃金數，1.618 ڌ。 

 

基於以上研究成果，擬對未來提供一些研究方向與建議： 

1. 後續之研究可考慮進行視窗程式設計，讓使用者僅需輸入簡單之參數即可快速求得三維壓密沉陷

之各項結果，以利研究成果之工程應用與推廣。 



5 
 

2. 可引用多孔介質彈力理論與熱彈力理論之類比關係，將相關研究成果推廣至熱彈性力學問題的應

用與解析。 
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Abstract 

This paper presents the transient responses of a point fluid sink or a point heat source in the strata.  Green’s 

functions of the elastic displacements and excess pore fluid pressure or temperature increment of strata are 

derived by using Laplace-Hankel integral transforms.  The strata are modeled as a poroelastic or 

thermoelastic half space in the mathematical modelling.  Poroelasticity and thermoelasticity are applied 

on the formulation of basic governing equations, and analogy is drawn between poroelasticity and 

thermoelasticity.  Attention is focused on the golden ratio which appears in the magnitude of maximum 

ground surface horizontal displacement and corresponding vertical displacement of the half space Green’s 

functions.  The study concludes that golden ratio exists in these phenomena, and the horizontal 

displacement should be properly considered in the prediction of displacements induced by groundwater 

withdrawal or buried heat source. 

 

Key Words 

Golden ratio, Green’s function, point fluid sink, point heat source, poromechanics, thermomechanics 

 

1. Introduction  

The golden ratio   [1, 2] is an irrational algebraic number 1.6180339887498948482… which is well 

known in mathematics, science, biology, art, architecture, nature and beyond [3].  It is interesting to 
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discover that the golden ratio exists in the point fluid sink and point heat source induced elastic 

displacements of a homogeneous isotropic half space.  Examples of the golden ratio in engineering 

include the shear flow in porous half space [4], classical mechanics of coupled-oscillator problem [5], and 

magnetic compound [6], etc.  This study is focused on the transient responses of a point fluid sink or a 

point heat source in the strata.  The derived closed-form solutions are defined as Green’s functions of 

poromechanics and thermomechanics. 

     The three-dimensional consolidation theory introduced by Biot [7, 8] is generally regarded as the 

fundamental theory for modelling land subsidence.  The approach is followed by Rice and Cleary [9] who 

provided an elegant formulation of Biot’s theory by using easily identifiable quantities and material 

constants.  Bear and Corapcioglu [10, 11] presented the modified Biot’s equations when the pore fluid is 

treated as compressible and the solid skeleton is assumed as incompressible.  Based on Biot’s theory 

modified by Bear and Corapcioglu [10, 11], Booker and Carter [12-15], Tarn and Lu [16] presented 

solutions of subsidence by a point fluid sink embedded in the saturated elastic half space at a constant rate.  

Chen [17, 18], Kanok-Nukulchai and Chau [19] presented analytic solutions for the steady-state responses 

of displacements and stresses in a half space subject to a fluid point sink.  Lu and Lin [20, 21] displayed 

transient displacements of the pervious half space due to steady pumping rate [20] and impulsive pumping 

[21].  The results presented by Hou et al. [22] shown that ground horizontal displacement occurred during 

groundwater withdrawal from an aquifer. 

     Nuclear wastes are usually deposited at a great depth, such as 200 to 700 meters below ground surface 

to be isolated from the living environment of human beings.  Hueckel and Peano [23] indicated that 

European guidelines require that temperature increments in the soil close to the heat source should not 

exceed 80C while the temperature increments at the ground surface is limited to less than 1C.  It 

suggested that linear theory was adequate for a repository design based on technical conservatism [23].  
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Given these modest temperature increments, Hollister, Anderson and Health [24] observed that any 

significant non-linear behaviour and/or plastic deformation of the soil would be confined to a relatively 

small volume of soil around the waste canister itself.  In this case, a linear model can provide reasonable 

approximation to the assessment of a proposed design [25].  The responses of the strata were satisfactorily 

modeled by assuming it as a thermoelastic continuum [26].  Booker and Savvidou [26, 27], Savvidou and 

Booker [28] derived an extended Biot’s theory including the thermal effects and presented solutions of 

thermo-consolidation around the spherical and point heat sources.  The analogy between thermoelasticity 

and poroelasticity was drawn by Lu and Lin [20], Norris [29], Manolis and Beskos [30], Cheng et al. [31], 

etc. 

     Based on the axially symmetric poromechanics and thermomechanics, the Green’s functions of the 

transient elastic deformations in half spaces due to a point fluid sink and a point heat source are presented 

in this paper.  The transient closed-form solutions are derived through Laplace-Hankel integral transforms.  

The homogeneous isotropic stratum is modeled as either poroelastic or thermoelastic half space in the 

mathematical model.  The golden ratio, known as    1.618, appears in the maximum ground surface 

horizontal displacement and corresponding vertical displacement.  The study concludes that golden ratio 

exists in these phenomena, and the horizontal displacement should be properly considered in the 

prediction of displacements induced by groundwater withdrawal or buried heat source. 

 

2. The Golden Ratio 

The golden ratio  , approximately 1.6180339887498948482…, is an irrational mathematical constant.  

The symbol   is also known as golden section, golden mean, divine proportion, divine section, golden 

proportion, golden cut, golden number, etc.  The golden ratio   can be derived from a geometrical line 

segment and ratio as shown in Figure 1, where the ratio of the full length 1 to the length of x is equal to the 
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ratio of longer section x to shorter section 1 x : 

   

 
1

1

x

x x



 (1) 

Assuming 1x  , hence,   satisfies 

 2 1 0     (2) 

The golden ratio is the positive solution of equation (2) as shown below:  

 (1 5) 2    (3) 
 
 

 
Figure 1. Dividing a segment into the golden ratio. 

 
 

 
Figure 2. The golden rectangle. 

 

     Figure 2 displayed another geometric description of golden ratio through the golden rectangle.  Giving 

a rectangle with sides’ ratio a:b, the removing of square section leaves remaining rectangle with the same 

ratio as original rectangle, i.e.,  

 
b a

a b b



 (4) 

Thus, this solution is the golden ratio  : 

 
1 5

2

a

b
 
   (5) 

     The golden ratio is a remarkable number that arises in various areas of mathematics, nature, and arts, 
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etc.  There are many interesting mathematical properties of  .  For example,   can be expressed as a 

continuous fraction with the single number 1 [1]:  

 
1

1
1

1
1

1
1

1
1

  







 (6) 

Also, the golden ratio   can be expressed as a continuous square root of the number 1:  

 1 1 1 1       (7) 

However, the most interesting is that   is within Fibonacci series [1, 2].  The Fibonacci series is a set of 

numbers that begins with two 1s, and each following term is the sum of the prior two terms, i.e., 1, 1, 2, 3, 

5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, ... .  The relationship between two successive 

numbers of Fibonacci series tends to approach  .  

     Based on the theory of poromechanics and thermomechanics, the strata are modeled as homogeneous 

isotropic half spaces.  This paper presents the Green’s functions of the transient and long-term ground 

surface elastic deformations of the strata due to a point fluid sink or a point heat source.  It is interesting to 

find that the golden ratio   appears in this study for the maximum ground surface horizontal displacement 

and corresponding vertical displacement.   

 

3. Poroelastic Modelling  

3.1 Governing Equations 

The formulation of Biot’s equations follows that of Rice and Cleary [9] with easily identifiable quantities 

and material constants.  Four basic material constants are selected in the constitutive equations including 

the shear modulus G , the drained Poisson’s ratio  , the undrained Poisson’s ratio u  and Skempton’s 
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pore pressure coefficient B  [32].  The physical ranges of B  and u  are obviously 0 1B   and 

1
20 u     [9], respectively.  For the situation of incompressible constituents, the poroelastic 

coefficients 1B   and 1
2u  .  According to Rice and Cleary [9], the reformulated constitutive relations 

can be expressed as [33]:  

 
 

  
32

2
1 2 1 2 1

u
ij ij ij ij

u

G
G p

B

    
  


  

  
 (8) 

 
 

 
  

  

222 1 2 1 2 1

3 1 2 9 1 2
u u

u u u

GB GB
p

  
 

   
  

  
  

 (9) 

in which ij , p and ij  are the total stress components, excess pore fluid pressure and solid strain 

components of the poroelastic media, respectively.  The fluid pressure p is positive for compression.  The 

parameter   is the variation of fluid content per unit reference volume.  The volumetric strain of the 

skeletal material is denoted by   and 11 22 33      .  The symbol ij  is the Kronecker delta.  The 

inversions of equations (8) and (9) are shown as the form: 

 
 
  
31

2 1 2 1 1
u

ij ij kk ij ij
u

p
G GB

     
  

       
 (8*) 

 
  
  

 
  22

9 1 2 3

1 2 12 1 2 1

u u u

uu

p
BGB

    
 

  

  
 

  
 (9*) 

     The solid strain components ij  and displacement components iu  are governed by the linear kinematic 

equation: 

  , ,

1

2ij i j j iu u    (10) 

     The total stress components ij  must satisfy the equilibrium equation: 

 , 0ij j ib    (11) 

where ib  denotes the body force components.  The mass balance for the fluid phase is denoted by: 
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 ,i iv
t

 
 


 (12) 

in which iv  is the specific discharge velocity components, and   is the rate of injected fluid source into 

the saturated porous aquifer per unit volume.  Assuming that the pore fluid flow is governed by Darcy’s 

law, we have 

 ,i i
f

k
v p


   (13) 

in which k  denotes the permeability of the porous media and f  is the unit weight of pore fluid. 

     The governing equations (8) to (13) are combined to yield the field equations for solutions of the 

boundary value problems.  Substituting (8) and (10) into (11), (9*) and (13) into (12), then the equilibrium 

equation (11) and mass balance equation (12) are expressed in terms of displacement components iu  and 

excess pore fluid pressure p  as below: 

 2 0
1 2i i

i i

G p
G u b

x x

  

 

    
  

 (14a) 

 
  
  

2
22

9 1 2

2 1 2 1

u u

f u

k p
p

t tGB

    
  

   
    

  
 (14b) 

where   is known as Biot’s coefficient of effective stress which is defined as 

 
 

   
3

1 2 1
u

uB

 


 



 

 (15) 

     The above mathematical model is known as coupled model of poroelasticity where the flow field is 

dependent on the displacement field.  The coupling term t   in equation (14b) is neglected in this 

study. 
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Figure 3. Mechanics of poroelastic point fluid sink problem. 

     Figure 3 presents a point fluid sink buried in a saturated porous half space at a depth h.  The constant 

sink strength is denoted as Q  at the location  0,h .  Applying the equilibrium equations to axisymmetric 

poromechanics problem with a vertical axis of symmetry and neglecting the effects of body forces ib , then 

equation (14a) is transformed to equations (16a) and (16b).  Moreover, assuming the flow field is 

independent of the displacement field, thus the mass balance equation (14b) is expressed as (16c).  

Therefore, the uncoupled governing equations in axially symmetric coordinates  ,r z  are derived in 

terms of displacements  ,iu i r z  and excess pore fluid pressure p as following:  

 2
2

0
1 2

r
r

uG p
G u G

r r r

 

 

    
  

 (16a) 

 2 0
1 2z

G p
G u

z z

 

 

   
  

 (16b) 

 
  
  

     2
22

9 1 2
0

22 1 2 1

u u

f u

k p Q
p r z h u t

t rGB

  
 

  

  
     

 
 (16c) 

where 
2 2

2
2 2

1

r r r z

  
   

  
 and r r zu u u

r r z
  
  
 

;  x  and  u t  are the Dirac delta function and 

Heaviside unit step function, respectively.  Equations (16a) to (16c) are the uncoupled basic field 

equations with a point fluid sink at constant rate, in which the fluid and solid are treated as compressible 
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constituents. 

3.2 Boundary Conditions and Initial Conditions 

The half space ground surface is treated as pervious traction-free boundary for all times 0.t    The 

mathematical statements of the ground surface boundary 0z   in axisymmetric coordinates  ,r z  are:  

  ,0, 0rz r t  ,  ,0, 0zz r t  , and  ,0, 0p r t   (17a) 

The displacements and excess pore fluid pressure at the remote boundary due to the effect of a point fluid 

sink must be nil at any time.  These conditions are written as 

         lim , , , , , , , , 0,0,0r z
z

u r z t u r z t p r z t


  (17b) 

     Assuming no initial displacements and seepage of the strata, the initial conditions at time 0t   of the 

mathematical model due to a point fluid sink are treated as 

  , ,0 0ru r z   ,  , ,0 0zu r z    and  , ,0 0p r z    (18) 

The mathematical model in this study is based on the governing equations (16a)-(16c), the corresponding 

boundary conditions (17a)-(17b) and initial conditions (18). 

 

4. Thermoelastic Modelling  

4.1 Governing Equations 

The constitutive behavior of the isotropic body with a point heat source buried in an isotropic 

thermoelastic half space at depth h as shown in Figure 4 is expressed as 

 
 2 12

2
1 2 1 2

s
ij ij ij ij

GG
G

    
 


  

 
 (19) 

 
 

0

2 1

1 2
sG c

s
T
 

 



 


 (20) 

Here, ij  and ij  are the thermal stress components and strain components of the thermoelastic medium, 
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respectively.  The symbol   denotes the volumetric strain of the thermoelastic medium and 

11 22 33      .  The temperature increment   is measured from the reference state.  The entropy s  is 

the function for internal state of the thermoelastic system.  The average temperature in the natural state 

corresponding with 0ij   is denoted by 0T .  The material constants  , G , s  and c  are the Poisson’s 

ratio, shear modulus, linear thermal expansion coefficient and specific heat at constant strain of the 

thermoelastic medium, respectively.  The coefficient c c  , where the constants   and c  define the 

density and specific heat of the thermoelastic medium, respectively. 

     The conservation of energy in the form of the entropy flow is as: 

 0 ,i i

s
T q W

t


 


 (21) 

where iq  is the heat flux, and W  is the quantity of heat generated in a unit volume and unit time.  The 

thermal flow is assumed to follow the Fourier law for heat conduction.  In the case of an isotropic body, the 

Fourier heat conduction law has the form 

 ,i t iq    (22) 

in which t  is the coefficient of heat conduction. 

     The thermal stresses ij  should satisfy the equilibrium relations in equation (11).  Substituting the 

linear kinematic equation (10) and constitutive equation (19) into the equilibrium equation (11), and the 

entropy equation (20) and Fourier heat conduction law (22) into the conservation of energy (21), 

respectively.  Then the equations (11) and (21) are expressed in terms of thermal displacements iu  and 

temperature increment   of the thermoelastic medium as follows: 

 
 2 2 1

0
1 2 1 2

s
i

i i

GG
G u

x x

  
 

 
   

   
 (23a) 

附 15



 
 

11

 
  02 2 1

1 2
s

t

G T
c W

t t

   


 
    

  
 (23b) 

     Figure 4 presents a point heat source buried in a thermoelastic half space at a depth h.  The constant 

heat generating rate is denoted as H  at the location  0,h  in axisymmetric coordinates system  ,r z .  

The equilibrium equations are applied to axisymmetric thermomechanics problem with a vertical axis of 

symmetry and neglecting the effects of body forces ib .  Moreover, assuming the thermal flow field is 

independent from the displacement field in the conservation of energy.  Therefore, the uncoupled 

governing equations in axially symmetric coordinates  ,r z  are derived in terms of thermal 

displacements  ,iu i r z  and temperature increment   as following: 

 
 2

2

2 1
0

1 2 1 2
sr

r

GuG
G u G

r r r

  
 

 
    

   
 (24a) 

 
 2 2 1

0
1 2 1 2

s
z

GG
G u

z z

  
 

 
   

   
 (24b) 

      2 0
2t

H
c r z h u t

t r
   




     


 (24c) 

Equations (24a) to (24c) constitute the fundamental equations of transient responses for a thermoelastic 

medium subjected to a point heat source. 

 
Figure 4. Mechanics of thermoelastic point heat source problem. 
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4.2 Boundary Conditions and Initial Conditions 

The half space ground surface, z = 0, is considered as traction-free, and it remains the same temperature at 

all times 0t  .  Therefore, the boundary conditions on surface z = 0 in axisymmetric coordinates  ,r z  

are given by 

  ,0, 0rz r t  ,  ,0, 0zz r t  , and  ,0, 0r t   (25a) 

The remote boundary conditions due to the effect of a point heat source must be nil at any time as below: 

         lim , , , , , , , , 0,0,0r z
z

u r z t u r z t r z t


  (25b) 

     Assuming there are no initial change of thermal displacements and temperature increment for the 

thermoelastic medium, the initial conditions at time 0t   due to a point heat source are treated as 

  , ,0 0ru r z   ,  , ,0 0zu r z   , and  , ,0 0r z    (26) 

From these basic governing equations, the corresponding quantities of poroelasticity and thermoelasticity 

are shown in Table 1. 

Table 1 
Analogy of Poroelastic and Thermoelastic Quantities 

Poromechanics Thermomechanics 

p    

 ,iu i r z   ,iu i r z  

 
  

3

1 2 1
u

uB

 
 


 
  2 1

1 2
sG  





 

  
  22

9 1 2

2 1 2 1

u u

uGB

  

 

 

 
 

0

c

T
  

w

k


 

0

t

T


 

  
0

W

T
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5. Green’s Functions 

5.1 Green’s Functions for a Poroelastic Half Space 

Applying Laplace-Hankel integral transformations [34, 35], the transient ground surface horizontal 

displacement, ground surface vertical displacement and excess pore fluid pressure of the stratum due to a 

point fluid sink in axially symmetric coordinates  ,r z  are obtained as follows:  

    
 

  2 22 2 2
8

0 13 2 302 2

1 2
,0,

2 16 8 8

r h
ctf

r

Q ct hrctr r r
u r t e I I d

Gk h r


  


   




                
       

  (27a) 

    
 

2 2

3 22 2

1 2 2
,0,

4 2
f

z

Q cth h r
u r t erf

Gk cth r

 


         
 

 

2 2 2 2
4

2 2 2 2

2

2

h r

cth ct h h r
e erfc

h r cth r


          

 (27b) 

  
 

 22

22

1
, ,

4 2
f r z hQ

p r z t erfc
k ctr z h




             

 

 

 
 22

22

1

2

r z h
erfc

ctr z h

         

 (27c) 

where the parameter 
  
   22

9 1 2

2 1 2 1
u u

fu

k
c

GB

  
 

 


 
;  erf x  and  erfc x  are error function and 

complementary error function, respectively; and  I x  is the modified Bessel function of the first kind of 

order  .  The magnitude of long-term ground surface horizontal displacement and vertical displacement 

are obtained when t  : 

    
2 2 2 2

1 2
,0,

4 ( )

f
r

Q hr
u r

Gk h r h r h

 



  
  

 (28a) 

    
2 2

1 2
,0,

4
f

z

Q h
u r

Gk h r

 



 


 (28b) 

Equations (27a)-(27c) and (28a)-(28b) are known as the Green’s functions for a poroelastic half space. 
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5.2 Green’s Functions for a Thermoelastic Half Space 

Using the equivalence between thermomechanics and poromechanics as shown in Table 1, the transient 

ground surface horizontal displacement, ground surface vertical displacement, and temperature increment 

of the stratum due to a point heat source in axisymmetric coordinates  ,r z  are obtained as below:  

    
 

  2 22 2 2
8

0 13 2 302 2

1
,0,

16 8 8

r h
cts

r
t

H ct hrctr r r
u r t e I I d

h r
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 (29b) 
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 22
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1

2

r z h
erfc

ctr z h

         

 (29c) 

where the parameter c  is defined as tc c . 

     Similarly, the magnitude of long-term ground surface horizontal displacement and vertical 

displacement are derived when t  : 

    
2 2 2 2

1
,0,

2 ( )

s
r

t

H hr
u r

h r h r h

 



 
  

 (30a) 

    
2 2

1
,0,

2
s

z
t

H h
u r

h r

 



  


 (30b) 

Equations (29a)-(29c) and (30a)-(30b) are known as the Green’s functions for a thermoelastic half space. 

 

6. Golden Ratio in the Long-Term Ground Surface Displacements 

附 19



 
 

15

The maximum long-term ground surface horizontal displacement and vertical displacement of the half 

space due to a point fluid sink and a point heat source are derived from equations (28a)-(28b) and 

(30a)-(30b) by letting 1.272r h h   and 0r  , respectively. 

For the point fluid sink problem, the maximum horizontal displacement ( )
max
f

ru  and vertical displacement 

( )
max
f

zu  of the ground surface derived from equations (28a)-(28b) are 

      ( )
max 2.5

1 2 1 21
,0, 0.3003

4 4
w wf

r r

Q Q
u h u

Gk Gk

   


  
 

       (31a) 

    ( )
max

1 2
0,0,

4
wf

z z

Q
u u

Gk

 



    (31b) 

For the point heat source problem, the maximum horizontal displacement ( )
max
h

ru  and vertical displacement 

( )
max
h

zu  of the ground surface derived from equations (30a)-(30b) are 

      ( )
max 2.5

1 11
,0, 0.3003

2 2
s sh

r r
t t

H H
u h u

   


  
 

     (32a) 

    ( )
max

1
0,0,

2
sh

z z
t

H
u u

 



     (32b) 

Here, (1 5) 2 1.618     is known as the golden ratio.  The exact solutions of maximum ground 

surface horizontal displacement and vertical displacement are derived as shown in equations (31a)-(31b) 

and (32a)-(32b), and the maximum ground surface horizontal displacement is approximately 30% of the 

maximum ground surface vertical displacement, i.e., 

 
( ) ( )

max max

( ) ( ) 2.5
max max

1
0.3003

f h
r r

f h
z z

u u

u u 
    at r h  (33) 

The value r h  is derived when  ,0,rdu r dr  is equal to zero.  For the point fluid sink problem, the 

derivative is 

附 20



 
 

16

 
     

 

2 2 4

23

,0, 1 2
0

4
r w

hR h r hdu r Q

dr Gk R R h

 


  
  


 (34a) 

For the point heat source problem, the similar derivative is 

 
     

 

2 2 4

23

,0, 1
0

2
r s

t

hR h r hdu r H

dr R R h

 


  
 


 (34b) 

Here 2 2R h r  .  Equations (34a)-(34b) leads to four possible solutions of (1 5) 2r h    and 

(1 5) 2r h   .  However, only (1 5) 2r h   is realistic for the radial variable  0,r  . 

     It is interesting to discover that the golden ratio   appears not only in the fluid sink and heat source 

induced maximum ground surface horizontal displacements, but also on the corresponding vertical 

displacements by letting r h  in equations (28b) and (30b), respectively. 

For the point fluid sink problem, the vertical displacement at r h  is 

     ( ) ( )
max max

1 2 1 1
,0, 0.6180

4
w f f

z z z

Q
u h u u

Gk

 


  


     (35a) 

For the point heat source problem, the vertical displacement at r h  is 

     ( ) ( )
max max

1 1 1
,0, 0.6180

2
s h h

z z z
t

H
u h u u

 


  


      (35b) 

     This shows that the ground surface vertical displacement is around 61.8% of the maximum ground 

surface vertical displacement at radial variable r h , where the maximum ground surface horizontal 

displacement occurred.  Besides, the equations (31a)-(31b) and (32a)-(32b) show that the maximum 

ground surface horizontal displacement and vertical displacement are not directly dependent on the depth 

h  for both point fluid sink and point heat source induced poroelastic and thermoelastic problems. 

     The profiles of normalized vertical and horizontal displacements at the ground surface 0z   for 
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different dimensionless time factor 2ct h  are shown in Figures 5(a) and 5(b), respectively.  Figure 5(a) 

shows the relationship between normalized radius r h   and normalized maximum horizontal 

displacement 5
max max 1r zu u  .  Figure 5(b) shows the corresponding vertical displacement when 

horizontal displacement is at its maximum.  The ground surface reveals significant horizontal 

displacement.  For example, Figure 5(a) shows that the maximum ground surface horizontal displacement 

is around 30% of the maximum ground surface vertical displacement at 1.272r h   , which can also 

be found from equations (35a) and (35b).   

 
(a) 
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(b) 

Figure 5. Normalized displacement profiles at the ground surface z = 0 for pervious poroelastic half space 
or isothermal thermoelastic half space. 

     The discovery of golden ratio exists in these mechanical phenomena reveals the originality and 

uniqueness of this study.  The major practical contributions of this research also include the confirmation 

of mechanics display the science of art.  The experimental verification related to the theoretical derivation 

is not supplied in the research for the purpose of the study is concentrate on the golden ratio in the Green’s 

functions of poroelasticity and thermelasticity.  The derived Green’s functions can be applied to the 

numerical simulation of fluid sink or heat source buried in the strata induced mechanical problems by 

boundary element method.   

 

7. Conclusions 

The closed-form Green’s functions of transient and long-term displacements due to a point fluid sink and 

a point heat source of an elastic half space were obtained by using Laplace-Hankel transformations.  The 

results show: 
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1. The maximum ground surface horizontal displacement is approximately 30% of the maximum ground 

surface vertical displacement at 1.272r h h  , where (1 5) 2 1.618     is known as the 

golden ratio.  It indicates that the horizontal displacement should be properly considered in the 

prediction of displacements induced by fluid extraction or buried heat source. 

2. The golden ratio   also appears in the corresponding vertical displacement of the elastic half space 

caused by point fluid extraction or point heat source.  The results reveal the ground surface vertical 

displacement at r h  is around 61.8% of the maximum ground surface vertical displacement. 

3. The maximum ground surface horizontal and vertical displacements are independent of the buried 

depth h  for both point fluid sink and point heat source induced poroelastic and thermoelastic 

problems. 
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Symbols 
 

ib  Body forces (Pa/m) 
B  Skempton’s pore pressure coefficient (Dimensionless) 

c  Parameter, 
   

  

222 1 2 1

9 1 2
u

u u f

GB k
c

 
   

 


 
 (m2/s) or tc c  (m2/s); Specific heat of the 

thermoelastic medium (J/kgC) 
c  Specific heat at constant strain of the thermoelastic medium, c c   (J/m3C) 

 erf x  Error function (Dimensionless) 

 erfc x  Complementary error function (Dimensionless) 

G  Shear modulus of the poroelastic/thermoelastic medium (Pa) 
h  Depth of point fluid sink (m); Buried depth of point heat source (m) 
H  Constant strength of the point heat source (J/s) 

 I x  Modified Bessel function of the first kind of order   (Dimensionless) 

k Permeability of the isotropic poroelastic medium (m/s) 
p  Excess pore fluid pressure (Pa) 

iq  Heat flux (J/sm2) 
Q  Constant strength of the point fluid sink rate (m3/s) 

 , ,r z  Cylindrical coordinates system (m, radian, m) 
s  Entropy of the internal state function of the thermoelastic system (J/Cm3) 
t  Time (s) 

0T  Average temperature in the natural state corresponding with 0ij   (C) 

 u t  Heaviside step function (Dimensionless) 

iu  Displacement components of the poroelastic/thermoelastic medium (m) 
( ) ( )

max max,f f
r zu u  Maximum ground surface horizontal displacement and vertical displacement of the 

poroelastic medium (m) 
( ) ( )

max max,h h
r zu u  Maximum ground surface horizontal displacement and vertical displacement of the 

thermoelastic medium (m) 
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iv  Specific discharge velocity components (m/s) 
W  Quantity of heat generated in a unit volume and unit time (J/sm3) 

s  Linear thermal expansion coefficient of the thermoelastic medium (C) 
  Rate of injected fluid source into the saturated porous medium per unit volume (s) 

f  Unit weight of pore fluid (N/m3) 

 x  Dirac delta function (m) 

ij  Kronecker delta (Dimensionless) 
  Volumetric strain of the poroelastic/thermoelastic medium (Dimensionless) 

ij  Strain components of the poroelastic/thermoelastic medium (Dimensionless) 
  Variation of fluid content per unit reference volume (Dimensionless) 
  Temperature increment of the thermoelastic medium (C) 

t  Thermal conductivity of the thermoelastic medium (J/smC) 
  Poisson’s ratio of the poroelastic/thermoelastic medium (Dimensionless) 

u  Undrained Poisson’s ratio of the poroelastic medium (Dimensionless) 
  Density of the thermoelastic medium (kg/m3) 

ij  Total stress components of the poroelastic medium (Pa); Thermal stress components of 
the thermoelastic medium (Pa) 

  Golden ratio, 1.6180339887498948482...   (Dimensionless) 
2  Laplacian operator, 2 2 2 2 21r r r z           (m) 
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SUMMARY 

This work presents the closed-form solutions of the long-term thermal stresses, displacements and temperature increment 
of the cross-anisotropic strata subjected to a point heat source at great depth.  The medium is initially modeled with 
cross-anisotropic mechanical and thermal properties.  Under this assumption, the properties of the materials are different 
between the planes on and normal to the isotropic plane.  Using Hankel and Fourier transforms, this paper presents the 
analytic solutions to soils or rocks affected by the point heat source, such as the repositories of nuclear wastes.  The 
general solutions are further simplified to cases of materials with isotropic mechanical properties, and they are finally 
extended to fully isotropic in each property of the strata.  Based on numerical results, the thermal stresses, displacements 
and temperature change of the thermoelastic half space are significantly affected by the anisotropy of mechanical and 
thermal properties of the strata.  

KEY WORDS: closed-form solution; point heat source; cross-anisotropic strata; full space; integral transform 
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1. INTRODUCTION 

The thermal mechanical responses of strata due to heat generated by the radioactive waste in deep underground are 
important environmental engineering issues.  For their impact on environment and human safety, many studies 
were conducted to understand the mechanical, thermal and hydraulic behaviour of deep repository radioactive waste.  
Nuclear wastes are usually deposited at a great depth, such as 200 to 700 meters below ground; therefore, they can 
be isolated from the living environment of human beings.  Excessive thermal difference usually results in a volume 
change of water and solid skeleton.  This change can increase excess pore water pressure and lead to decrease in 
effective stress, which can result in a thermal failure in the strata due to loss of shear resistance of solid skeleton.  
The simulation of these physical features is a complex task, and its validation is a major concern for the safety 
improvement of the repository. 

The disposal in stable deep geological formations has been proven as a technically viable solution in disposing 
the high level radioactive wastes [1].  Based on the theory of mixtures applied to the multiphysics of porous media, 
Tong et al. [2] presented a numerical method for modeling coupled thermo-hydro-mechanical processes of 
geomaterials with multiphase fluid flow.  Analytical solutions of the thermal consolidation for a saturated elastic 
porous media around a point heat source were presented by Booker and Savvidou [3,4], Savvidou and Booker [5].  
In their solutions, the flow was considered isotropic [3,4] or cross-anisotropic [5], whereas the mechanical and 
thermal properties of the strata were only treated as isotropic.  However, it was identified that the anisotropic 
property in the permeability of the strata has significant effects on the excess pore water pressure generated by a heat 
source [5].  Lu and Lin [6] displayed transient ground surface displacements produced by a point heat source or 
fluid sink through analog quantities between thermoelasticity and poroelasticity.  Based on three-dimensional 
thermoelastic theory of homogeneous isotropic media, the golden ratio appears in the maximum ground surface 
horizontal displacement and corresponding vertical displacement of a half space were presented by Lin and Lu [7].  
Wang and Sudak [8] derived the three-dimensional temperature field induced by a steady point heat source 
interacting with a homogeneous imperfect interface by using the image method.  Hudson et al. [9] gave advices on 
how to incorporate thermo-hydro-mechanical coupled processes into performance, safety assessments and design 
studies for disposal of radioactive waste in geological formations.  Within the framework of linear theory of 
thermoelasticity, Chao, Chen and Shen [10] discussed the situation of circularly cylindrical layered media subjected 
to an arbitrary point heat source. 

In general, soils are deposited through a geologic process of sedimentation over a long period of time.  Under 
the accumulative overburden pressure, strata display significant anisotropy on mechanical, seepage and thermal 
properties.  Both stratified soil and rock masses show the phenomenon of anisotropy.  For this reason, theoretical 
and numerical models should be able to simulate the layered soils and rocks as cross-anisotropic media [11-15]. 

The present investigation is focused on the closed-form solutions of a cross-anisotropic thermoelastic medium 
due to a deep point heat source which still have not been derived in previous studies.  In this paper, the soil or rock 
mass is modelled as a linearly elastic medium with cross-anisotropic properties.  Both thermal flow and mechanical 
properties are assumed to be cross-anisotropic.  By using the Hankel and Fourier transforms, closed-form solutions 
of the long-term displacements, temperature changes and thermal stresses of the strata due to a point heat source at 
large depth are obtained.  The results are reduced to an isotropic case to provide better understanding of the thermal 
induced responses of the strata. 

2. MATHEMATICAL MODEL 

2.1. Basic Equations 

Figure 1 shows a point heat source buried in the strata at a great depth.  The property of soil or rock is considered 
as cross-anisotropic homogeneous layer.  To simplify the model, the plane of symmetry of the strata is set in the 
horizontal direction.  The cylindrical coordinate system  , ,r z  is applied to the layer of solid where the plane of 

isotropy coincides with the horizontal ( r  ) plane.  The symbols ru  and zu  are the displacements in radial 

and vertical directions, respectively.  The constitutive law for an elastic medium with linear axisymmetric 
deformation can thus be expressed as 

 

Page 2 of 23

http://mc.manuscriptcentral.com/nag

International Journal for Numerical and Analytical Methods in Geomechanics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

附 39



For Peer Review
 O

nly
  2r r z

rr r

u u u
A A N F

r r z
  

 
    

 
, (1a) 

  2 r r z
r

u u u
A N A F

r r z  
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u u u
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r r z
  

 
   

 
, (1c) 

 r z
rz

u u
L

z r


  
    

, (1d) 

 
where ij  are the thermal stress components, and   is the temperature change of the strata.  The coefficients 

A , C , F , L , N  are the material constants of a cross-anisotropic medium defined by Love [16].  For axially 
symmetric problem, the shear stresses r , z , and circumferential displacement u  can vanish as the vertical 

z-axis positioned through the point heat source.  In these equations, r  and z  represent the thermal expansion 

factors along and normal to the symmetric plane, respectively.  The expression for the thermal expansion factors 
are: 
 
  2r sr szA N F     , (2a) 

 2z sr szF C    , (2b) 

 
where sr  and sz  are the linear thermal expansion coefficients of the strata in horizontal and vertical directions, 

respectively. 
 
 

 
Figure 1. Point heat source buried deep in the cross-anisotropic strata. 
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Equations (1a) to (1d) can be converted to 

 

 

1
0

1
0

1
0

1
0 0 0

r rz
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sr r r r

rrr rzr
sr

r r r

zzz zr zr
sz

z z z rz

r z

rz

u
E E Er

u
E E Er

u

z E E E
u u

z r G







 
 

 
  

  


                                                      

. (3) 

 
Here, the Young’s moduli rE  and zE  are defined as directions lying in and perpendicular to the plane of isotropy, 

respectively; r  is the Poisson’s ratio for strain in the horizontal direction due to horizontal direct stress; rz  is 

the Poisson’s ratio for strain in the vertical direction due to horizontal direct stress; zr  is the Poisson’s ratio for 

strain in the horizontal direction due to a vertical direct stress; and rzG  is shear modulus for planes normal to the 

plane of isotropy.  The mechanical constants A , C , F , L , N  are employed in equations (1a) to (1d) and (3) 
through the following equations: 
 

 
 

  
1

1 1 2
r rz zr

r r rz zr

E
A

 

 
   




  
, (4a) 

 
 1

1 2
z r

r rz zr

E
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, (4b) 

 
1 2 1 2

z rz r zr

r rz zr r rz zr

E E
F

 

 
     

 
   

, (4c) 

 rzL G , (4d) 

 
 2 1

r

r

E
N





. (4e) 

 
For the cases of isotropic thermoelastic medium, the mechanical and thermal elastic constants A , C , F , L , 

N , r  and z  can be simplified as 

 
 2A C G   , (5a) 
 F  , (5b) 
 L N G  , (5c) 

  2 3r z sG      . (5d) 

 
The constants   and G  are the Lame moduli of the isotropic thermoelastic medium, and s  is the linear thermal 

expansion coefficient of the isotropic solid skeleton. 
These axially symmetric thermal stresses in equations (1a) to (1d) must satisfy the equilibrium equations: 

 

 0rrrr rz
rfr r z

   
   

 
, (6a) 

 0rz rz zz
zf

r r z

   
   

 
, (6b) 

 
where  ,if i r z  denotes the body force components.  A straightforward substitution of constitutive law (1a) to 
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(1d) into the equilibrium equations with body forces neglected, the equilibrium equations are expressed in terms of 
displacements  ,iu i r z  and temperature change of the strata   as follows: 

 

  
2 2 2

2 2 2

1
0r r r r z

r

u u u u u
A L F L

r r r z rr r z


     

       
     

, (7a) 

  
2 2 2

2 2

1 1
0r r z z z

z

u u u u u
F L L C

r z r z r r zr z


        

         
        

. (7b) 

 
Let h  be the heat flux vector and hq  be the heat sources, the law of conservation of energy is then listed as: 

 
 0hq   h . (8) 

 
The constants tr  and tz  are used to describe the behavior of the heat flow in a cross-anisotropic medium, in 

which tr  denotes the horizontal thermal conductivity of heat flow in the planes of isotropy and tz  is the 

corresponding vertical thermal conductivity in the plane perpendicular to isotropic plane.  Assuming that the heat 
flow follows Fourier’s law, then 
 

 tr r tz zr z

   
  

 
h i i , (9) 

 
in which ri  and zi  are unit vectors parallel to the radial and vertical directions, respectively.  The point heat 

source of constant strength Q  is considered at great depth of point  0,0 .  Substituting (9) into (8) yields the 

third governing equation of temperature change   as below: 
 

    2 2

1
0

2tr tz

Q
r z

r r rr z

     


    
      

, (10) 

 
where  r  and  z  are the Dirac delta functions. 

For a linearly elastic medium with cross-anisotropic properties, the differential equations (7a), (7b) and (10) 
govern the steady state responses of the medium subjected to axisymmetric and thermoelastic disturbance. 
 
2.2. Boundary Conditions 

The point heat source at great depth is assumed no impact on the ground surface.  This implies that the ground 
surface can be treated as a remote boundary, and the strata can be modeled as an infinite space as shown in Figure 1.  
Thus, the effect of the deep thermally disturbance vanishes at the remote boundaries, z   .  In other words, 
the displacements and the temperature change of the strata at remote boundaries should be vanished.  Therefore, 
the remote boundary conditions are expressed as 
 
  , 0ru r z  ,  , 0zu r z  , and  , 0r z   as z   . (11) 

 
The thermoelastic responses are derived in this study by Hankel and Fourier transforms from the differential 
equations (7a), (7b) and (10) corresponding with the remote boundary conditions at z   . 

3. ANALYTIC SOLUTIONS 

3.1. Hankel-Fourier Transform Solutions 

The governing partial differential equations (7a), (7b) and (10) are simplified to ordinary differential equations by 
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performing appropriate Hankel transforms [17] with respect to the radial coordinate r  of first, zeroth and zeroth 
orders in each equation, respectively.  These equations then become: 
 

  
2

2
2

0r z
r r

d U dU
AU L F L

dzdz
          , (12a) 

  
2

2
2

0r z
z z

dU d U d
F L LU C

dz dzdz

       , (12b) 

  
2

2
2 2tr tz

d Q
z

dz

    


    , (12c) 

 
where 
 

      1
0

; ,r rU z r u r z J r dr 


  , (13a) 

      0
0

; ,z zU z r u r z J r dr 


  , (13b) 

      0
0

; ,z r r z J r dr   


  . (13c) 

 
In these equations,  J x  represents the Bessel’s function of the first kind of order  .  The displacements and 

the temperature change of the strata are obtained by inverting the equations (13a) to (13c) as shown below: 
 

      1
0

, ;r ru r z U z J r d   


  , (14a) 

      0
0

, ;z zu r z U z J r d   


  , (14b) 

      0
0

, ;r z z J r d    


  . (14c) 

 
The Fourier transformations [17] are performed with respect to the axial coordinate z  on equations (12a) to 

(12c).  The results are expressed as 
 

    2 2 0r z rA L U i F L U             , (15a) 

    2 2 0r z zi F L U L C U i            , (15b) 

  2 2

2tr tz

Q    


  , (15c) 

 
where 
 

    , ; i z
r rU U z e dz  




  , (16a) 

    , ; i z
z zU U z e dz  




  , (16b) 

    , ; i zz e dz    



  . (16c) 

 
The closed-form solutions of the long-term thermoelastic deformations and temperature change of the 

cross-anisotropic medium subjected to a deep point heat source are easily obtained in the Hankel-Fourier integral 
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transformed domain  ,   by solving the simultaneous algebraic equations of (15a) to (15c).  The results are 

shown as follows: 
 

  
  

   

2 2

2 2
,

2 ,

r z r

r

tr tz

L F L CQ
U

     
 

      

    
 

 , (17a) 

  
  

   

2 2

2 2
,

2 ,

z r z

z

tr tz

i L F L AQ
U

     
 

      

    
 

 , (17b) 

   2 2

1
,

2 tr tz

Q  
    




 , (17c) 

 
where  ,   is defined as 

 

    4 2 2 4, 2CL AC F F L AL             . (18) 

 
These solutions are also expressed in the domain ( ; )z   by applying the following inverse Fourier transforms to 

equations (17a) to (17c): 
 

    1
; ,

2
i z

r rU z U e d   






   , (19a) 

    1
; ,

2
i z

z zU z U e d   






   , (19b) 

    1
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2
i zz e d     







   . (19c) 

 
Then, we have 
 

   1 2 331 2
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;
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, (20a) 

   1 2 331 2
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 , (20b) 
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1
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4
z
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Q
z e   

  
 . (20c) 

 
The upper and lower signs in equation (20b) are for the conditions of 0z   and 0z  , respectively.  Here, the 

constants ia  1, 2, 3i   and ib  1, 2, 3i   are defined as 
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In addition, the characteristic roots 1  and 2  must satisfy the following characteristic equation 

 

  4 22 0CL AC F F L AL        , (22) 

 

and 3 tr tz   . 

Furthermore, using the inversions of Hankel transform formula [17-19] and the constitutive equations (1a) to (1d), 
the closed-form solutions of thermoelastic deformation, temperature increment and thermal stresses of the strata in 
real domain  ,r z  are obtained from the solutions of (20a) to (20c) in Hankel transformed domain  ; z  as 

below: 
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 . (23g) 

 
The upper and lower signs in equation (23g) are for conditions of 0z   and 0z  , respectively.  In equations 

(23a) to (23g), 2 2 2
i iR r z   and *

i i iR R z    1, 2, 3i  . 

 
3.2. Cases of Isotropic Mechanical Behaviour and Cross-anisotropic Thermal Properties 

The displacements, temperature change and thermal stresses for the strata with cross-anisotropic properties in 
mechanical and heat flows are analytically solved and expressed in equations (23a) to (23g) for the disturbance of a 
deep point heat source.  For the special case of medium with isotropic mechanical properties, the associated 
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closed-form solutions are obtained by the conditions of 1  = 2  = 1 for equations (23a) to (23g).  This is 

carried out by using L’Hospital’s rule with careful calculations.  The results are given as follows: 
 

       * * *
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where     211  .  The parameters *

r  and *
z  are defined as follows: 

 
     212*  szsrr

, (25a) 

    * 2 1 2 1 2z sr sz           . (25b) 

 
The definitions of functions  1, ,13i i    in equations (24a) to (24g) are listed below: 
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where the parameters tr tz   , 2 2R r z  , *R R z  , 2 2 2R r z    and *R R z    . 

 
3.3. Cases of Isotropic Mechanical and Thermal Properties 

Furthermore, the closed-form solutions for the special case of medium with isotropic mechanics and heat flows 
properties are acquired through the conditions of 1   for equations (24a) to (24g).  Applying the L’Hospital’s 

rule and careful calculations, the results are given as below: 
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where t  denotes thermal conductivity of the isotropic soils or rocks. 

The derived closed-form solutions, equations (27a) to (27g), illustrated that all field quantities are functions of the 
distance from the heat source and they are inversely proportional to the thermal conductivity.  Besides, the shear 
modulus does not have influence on displacements and temperature increment of the homogeneous isotropic strata. 
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4. ILLUSTRATIVE EXAMPLE 

To study the effect of anisotropy on displacements, temperature increment and thermal stresses of the strata due to a 
point heat source, numerical results were obtained for different appropriate sets of soil thermoelastic constants.  
These thermoelastic constants are summarized in Table 1.  The degrees of anisotropic linear thermal expansion 
coefficient 10.0sr sz    and thermal conductivity 10.0tr tz    are assumed in cases 2 to 5.  For the heavily 

over-consolidated London clay, the range of the ratio r zE E  is 1.35 to 2.37 and the ratio rz zG E  is 1.35 to 2.37 

[22,23].  The average values of r zE E  and rz zG E  are 1.84 and 0.38, respectively.  In these numerical studies, 

the Young’s modulus in vertical direction zE , linear thermal expansion coefficient in vertical direction sz , and 

thermal conductivity in vertical direction tz  are treated as constants in cases 1 to 5.   

 
 
 

Table 1. Material properties of isotropic and cross-anisotropic soils (*assumed values). 

Case r  rz  rz zG E r zE E sr sz  tr tz  Reference 

Case 1: Isotropy 0.25 0.25 0.4 1.0 1.0 1.0 Booker & Carter [20] 

Case 2: Cross-anisotropy 0.125 0.75 0.445 2.0 10.0* 10.0* Poulos & Davis [21] 

Case 3: Cross-anisotropy 0.125 0.75 0.64 3.0 10.0* 10.0* Poulos & Davis [21] 

Case 4: Cross-anisotropy 0.125 0.75 0.64 4.0 10.0* 10.0* Poulos & Davis [21] 

Case 5: Cross-anisotropy 0 0.38 0.38 1.84 10.0* 10.0* Tarn & Lu [12], Lee & Rowe [22], 
Wang et al. [23] 

 
 
 

The influence of anisotropy on long-term thermoelastic responses are given in Figures 2 to 4.  In these figures, 
the thermoelastic responses have been normalized.  It is observed from Figures 2 to 4 that the anisotropy of the 
soils has significant effect on long-term thermally elastic responses compared with the results obtained for an 
isotropic soil of case 1.  For example, the long-term horizontal displacement of case 4 is reduced to around 75% of 
the corresponding value for the isotropic soil of case 1, while the long-term vertical displacement of case 4 increases 
to 150% of case 1 for z/r > 3 as shown in Figure 2.  For the assumed ratios of tr tz   at 10.0 in cases 2 to 5, the 

long-term temperature increments of the strata of cases 2 to 5 are reduced to around 10% of the corresponding value 
for the isotropic soil of case 1 as illustrated in Figure 3. 

Figures 5 to 7 illustrate the long-term horizontal and vertical displacements effected by the anisotropy of the 
strata.  As shown in Figure 5(a), the ratio r zE E  ranges from 0.5 to 10.0, and the effect of r zE E  on horizontal 

displacement of the strata is secondary.  However, the ratio of r zE E  has an apparent effect on long-term vertical 

displacement of the strata as shown in Figure 5(b).  Based on the available data of 0.00r  , 0.38rz  , 

0.38rz zG E  , 10.0sr sz    and 10.0tr tz   , Figures 6(a) and 6(b) use the ratio of sr sz   to display its 

influence on long-term horizontal and vertical displacements of the strata.  It is shown from Figure 7 that the 
degree of anisotropic thermal conductivity tr tz   has the most significant effect on long-term horizontal and 

vertical displacements of the strata due to a point heat source. 
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(a) 
 

(b) 
 

Figure 2. Influence of anisotropy on long-term (a) horizontal displacements ru  and (b) vertical displacement zu  

of the strata. 
 
 
 

 

Figure 3. Influence of anisotropy on long-term temperature changes of the strata. 
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(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 4. Influence of anisotropy on long-term (a) thermal radial stress rr , (b) thermal hoop stress  ,  

(c) thermal axial stress zz  and (d) thermal shear stress rz  of the strata. 
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(a) 

 

 
(b) 

 
Figure 5. Influence of the degree of anisotropy r zE E  on long-term (a) horizontal displacements ru  and  

(b) vertical displacement zu  of the strata. 

 
 
 

 
(a) 

 

 
(b) 

 
Figure 6. Influence of the degree of anisotropy sr sz   on long-term (a) horizontal displacements ru  and 

(b) vertical displacement zu  of the strata. 
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(a) 

 

 
(b) 

 
Figure 7. Influence of the degree of anisotropy tr tz   on long-term (a) horizontal displacements ru  and 

(b) vertical displacement zu  of the strata. 

 
 
 

Figures 8 to 10 illustrate the thermal stresses affected by the anisotropy of the strata.  Based on the available data 
of 0.00r  , 0.38rz  , 0.38rz zG E  , 10.0sr sz    and 10.0tr tz   , Figures 8(a) to 8(d) use the ratio 

of r zE E  to display the influence on thermal stresses of the strata.  As shown in Figures 9(a) to 9(d), the ratio 

sr sz   ranges from 0.2 to 10.0, and the effect of sr sz   on long-term thermal stresses of the strata is important.  

It is shown from Figures 10(a) to 10(d) that the degree of anisotropic thermal conductivity tr tz   has the most 

significant effect on long-term thermal stresses of the strata due to a deep point heat source. 
As illustrated in Figures 5 to 10, the higher ratio of linear thermal expansion coefficients szsr   leads to 

corresponding higher displacements and thermal stress components of the strata with varying degrees of anisotropy.  
However, the displacements and thermal stress components decrease with higher ratio of the thermal conductivities 

tztr  .  Based on the numerical results obtained from this anisotropic thermoelastic research, all of the thermal 

stresses of strata subjected to a point heat source are compressive and significantly affected by the ratio of 
mechanical property r zE E  and thermal properties szsr   and tztr  . 
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(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 8. Influence of the degree of anisotropy r zE E  on long-term (a) thermal radial stress rr , (b) thermal hoop 

stress  , (c) thermal axial stress zz  and (d) thermal shear stress rz  of the strata. 
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(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 9. Influence of the degree of anisotropy sr sz   on long-term (a) thermal radial stress rr , (b) thermal 

hoop stress  , (c) thermal axial stress zz  and (d) thermal shear stress rz  of the strata. 
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(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 10. Influence of the degree of anisotropy tr tz   on long-term (a) thermal radial stress rr , (b) thermal 

hoop stress  , (c) thermal axial stress zz  and (d) thermal shear stress rz  of the strata. 
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(a) 
 

(b) 
 

Figure 11. Influence of the degree of anisotropy r zE E  on long-term temperature changes of the strata with  

(a) 1.0sr sz   , 1.0tr tz    and (b) 10.0sr sz   , 10.0tr tz   . 

 
 
 

(a) 
 

(b) 
 

Figure 12. Influence of the degree of anisotropy sr sz   on long-term temperature changes of the strata with 

(a) 1.0tr tz    and (b) 10.0tr tz   . 
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(a) 
 

(b) 
 

Figure 13. Influence of the degree of anisotropy tr tz   on long-term temperature changes of the strata with 

(a) 1.0sr sz    and (b) 10.0sr sz   . 

 
 
 

The long-term normalized temperature increment of the strata were calculated from equation (23c) for values of 
various anisotropic ratio r zE E , sr sz  , tr tz  , and the results are shown in Figures 11 to 13.  Figures 11 and 

12 display the anisotropic ratio r zE E  and sr sz  , and they have no effect on the long-term temperature 

increment of the strata due to a point heat source.  However, Figure 13 illustrates that the ratio of anisotropic 
thermal conductivity tr tz   has the most significant effect on temperature increment of the strata.  In all cases, 

the temperature increment of the strata is larger when the location is closer to the point heat source. 

5. CONCLUSIONS 

The closed-form solutions of thermoelastic responses due to a point heat source buried in a cross-anisotropic 
thermoelastic full space were obtained by using Hankel and Fourier integral transforms.  The results were 
examined by simplifying the solutions of cross-anisotropic thermoelastic responses into the case of isotropic strata.  
The investigations show that: 
1. The derived solutions illustrated that all field quantities are functions of the distance from the heat source, and 

they are inversely proportional to the thermal conductivity.  Besides, the shear modulus does not have influence 
on long-term displacements and temperature increment of the strata for the totally isotropic properties case. 

2. Based on the numerical results, the thermal stresses of strata are compressive, and they are significantly affected 
by the ratio of mechanical and thermal properties r zE E , szsr   and tztr  .  For example, the higher 

ratio of linear thermal expansion coefficients szsr   leads to corresponding higher thermal stress components 

of the strata with varying degrees of anisotropy.  However, the thermal stress components decrease with higher 
ratio of the thermal conductivities tztr  . 

3. The influence of the ratio of anisotropy r zE E  on long-term horizontal displacement due to a point heat source 

is secondary while the effects of thermoelastic anisotropy sr sz   or tr tz   has an appreciable effect on the 

long-term horizontal displacement. 
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NOMENCLATURE 

 1, 2,3ia i   Constants defined in equations (21a) to (21c) (ºC-1)  

A , C , F , L , N  Material constants defined by Love (Pa)  

 1,2,3ib i   Constants defined in equations (21d) to (21f) (ºC-1)  

rE , zE  Young’s modulus in horizontal/vertical direction (Pa) 

 ,if i r z  Body forces of the strata (N/m3) 

G  Shear modulus of the isotropic strata (Pa)  

rzG  Modulus of shear deformation in vertical plane (Pa)  

h  Heat flux vector (J/sm2) 

ri , zi  Unit vector parallel to the radial/vertical direction(Dimensionless) 

 J x  First kind of the Bessel function of order   (Dimensionless) 

hq  Internal (or external) heat sources (J/sm3)  

Q  Strength of the point heat source (J/s) 

 , ,r z  Cylindrical coordinates system (m, radian, m)  

R  Parameter, 2 2R r z   (m) 

 1, 2,3iR i   Parameter, 2 2 2
i iR r z   (m) 

*R  Parameter, * 2 2R r z z    (m) 

 * 1, 2,3iR i   Parameter, *
i i iR R z   (m) 

 ,iu i r z  Displacement components of the strata (m)  

rU , zU  Hankel transforms of ru  and zu , equations (13a) and (13b) (m3)  

rU , zU  Fourier transforms of rU  and zU , equations (16a) and (16b) (m4)  

Greek letters  

s  Linear thermal expansion coefficient of the isotropic strata (ºC-1)  

sr , sz  Linear thermal expansion coefficient of the cross-anisotropic strata in horizontal/vertical

 direction (ºC-1) 

r , z  Thermal expansion factors of the cross-anisotropic strata (Pa/ºC) 

*
r , *

z  Thermal expansion factors of the isotropic strata (Pa/ºC) 

 x  Dirac delta function (m-1) 

  Parameter,    1 1 2      (Dimensionless) 

  Temperature change of the strata (ºC) 

  Hankel transform of  , equation (13c) (ºCm2) 

  Fourier transform of  , equation (16c) (ºCm3) 
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  Lame constant of the isotropic strata (Pa) 

t  Thermal conductivity of the isotropic thermoelastic medium (J/smC) 

tr , tz  Thermal conductivity of the cross-anisotropic thermoelastic medium in the horizontal/

 vertical direction (J/smC) 

  Characteristic root, tr tz    (Dimensionless) 

1 , 2  Characteristic roots of characteristic equation (22) (Dimensionless) 

3  Characteristic root, 3 tr tz    (Dimensionless) 

  Poisson’s ratio of the isotropic strata (Dimensionless) 

rz  Poisson’s ratio for strain in the vertical direction due to a horizontal direct stress

 (Dimensionless) 

r  Poisson’s ratio for strain in the horizontal direction due to a horizontal direct stress

 (Dimensionless) 

zr  Poisson’s ratio for strain in the horizontal direction due to a vertical direct stress

 (Dimensionless) 

  Hankel transform parameter (m-1) 

 , , ,ij i j r z   Thermal stress components of the strata (Pa)  

 1, 2,3,4i i   Functions defined in equations (26a) to (26d) (Dimensionless)  

 5, ,13i i    Functions defined in equations (26e) to (26m) (m-1)  

  Fourier transform parameter (m-1) 
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ABSTRACT
In this paper, the deep buried line heat source of constant
strength affects the thermally mechanical responses of the
stratum are presented. To simulate the stratified earth
medium, the soil mass is modeled as cross-anisotropic
with different properties in the horizontal and vertical
directions. On the basis of fundamental solutions caused
by a deep point heat source, the analytic solutions of
ground deformation, thermal stresses and temperature
changes of the thermoelastic medium due to deep line
heat source are presented by using appropriate line
integral techniques. The anisotropic soil shows
significant effect on long-term thermally elastic responses
compared with the results from isotropic soil. Besides,
the derived solutions illustrated that shear modulus does
not have influence on long-term displacements and
temperature increment of the strata for the case of
isotropic properties.

KEY WORDS
Point Heat Source, Line Heat Source, Fundamental
Solution, Closed-form Solution.

1. Introduction

The deep buried line heat source of constant strength
affects the thermally mechanical responses of the stratum.
The heat source such as a canister of radioactive waste
can cause temperature rise in the soil, and thus the solid
skeleton and pore fluid can expand. This leads to increase
in pore water pressure and reduction in effective stress,
because the volume increment of the pore water is greater
than that of the voids of solid matrix. Therefore, thermal
failure of soil can occur as a result of losing shear
resistance due to reduction in effective stress.

Booker and Savvidou [1,2], Savvidou and Booker [3]
presented the solutions of thermo-consolidation around
spherical and point heat sources. In their solutions, the
thermal properties were considered as isotropic [1,2] or
cross-anisotropic [3] whereas the elastic properties of the
soil were treated as isotropic [1-3]. Moreover, the stratum
was modeled in full space to simulate the deep buried heat
sources. Georgiadis et al. [4] analyzed the transient

dynamic coupled thermoelasticity paradigm of a half-
space under the action of a buried thermal/mechanical
source. Shendeleva [5] theoretically presented a model
comprising an instantaneous line heat source situated
parallel to the interface between two semi-infinite heat-
conductive media in perfect thermal contact. Three-
dimensional Green’s functions for a steady point heat
source were derived by Wang et al. [6]. Lu and Lin [7]
displayed the transient ground surface displacement
produced by a point heat source or fluid sink through
analog quantities between thermoelasticity and
poroelasticity. Lu et al. [8] presented the closed-form
solutions of a homogeneous isotropic elastic half space
subjected to circular plane heat source on the basis of the
fundamental solutions of half space due to a point heat
source. Analytical solutions of the transient and long-
term horizontal and vertical displacements due to a point
heat source were presented by Lin and Lu [9].

Soils in general are deposited through process of
sedimentation over a long period of time. Under the
accumulative overburden pressure, soils display
significant anisotropic mechanical and thermal properties.
In order to describe the anisotropic nature of soils, it can
be modeled as cross-anisotropic medium whose properties
are symmetric about the vertical axis. For the heat source
buried at a great depth, the effects of half space boundary
on thermally response can be neglected.

In general, soils or rocks are deposited through a
geologic process of sedimentation over a long period of
time. Under the accumulative overburden pressure, strata
display significant anisotropic mechanical, seepage and
thermal properties. Both stratified soil and rock masses
can show the phenomenon of anisotropy. For this reason,
theoretical and numerical models should be able to
simulate the layered soils and rocks as cross-anisotropic
media [10-14].

The investigation is focused on long-term thermally
elastic mechanical behaviors of the stratum. On the basis
of the derived deep point heat source induced
fundamental solutions, the closed-form solutions of long-
term ground deformation, thermal stresses, and
temperature changes of the soil mass due to a deep line
heat source are obtained by using appropriate line integral
techniques. Results are simplified to isotropic case to
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provide better understanding of the thermally induced
mechanical responses of the stratum. The solutions can
be used to test numerical models and evaluate numerical
simulations of the thermoelastic responses near the line
heat source.

2. Fundamental Solutions Caused by a Deep
Point Heat Source

2.1 Basic Governing Equations

Theoretical and numerical models usually simulate the
layered strata as cross-anisotropic media [10-14]. Figure
1 shows a point heat source buried deep in the cross-
anisotropic thermoelastic strata. The stratum is
considered as a homogeneous cross-anisotropic medium
with vertical axis of symmetry. The constitutive behavior
of the elastic soil or rock skeleton for linear axially
symmetric deformation in the cylindrical coordinates (r, ,
z) can be expressed by

 2rr rr zz rA A N F         , (1a)

 2 rr zz rA N A F          , (1b)

zz rr zz zF F C        , (1c)

2rz rzL  , (1d)

where ij is the thermal stress tensor. The temperature

change of the stratum is denoted by . The material
constants of A, C, F, L, N for the cross-anisotropic strata
are defined by Love [15]. The symbols

 2r sr szA N F     and 2z sr szF C    are the
thermal expansion factors in the horizontal and vertical
directions, respectively. The linear thermal expansion
coefficients of the strata in the horizontal and vertical
directions are denoted by sr and sz , respectively. The
strain components ij and displacement components iu
are governed by the linear kinematic equation:

r
rr

u
r







, (2a)

ru
r  , (2b)

z
zz

u
z







, (2c)

1
2

r z
rz

u u
z r


      

. (2d)

Note that ru and zu are displacements of the stratum in
the radial and axial directions, respectively. The shear
stress components r and z vanish by locating the
vertical z-axis through the point heat source. For an
isotropic stratum, 2 ,A C G   ,F  ,L N G 

 2 3 ,r z sG     where , G, s are the Lame

constant, shear modulus and linear thermal expansion
coefficient of the isotropic stratum, respectively.

Figure 1. Point heating problem.

The thermal stresses must satisfy the equilibrium
relations of axial symmetry in cylindrical coordinates as
below:

0rrrr rz
rb

r r z
   

   
 

, (3a)

0rz zz rz
zb

r z r
   

   
 

, (3b)

where  ,ib i r z denotes the body force tensor.
Using equations (1a)-(1d) and the linear kinematic

equations (2a)-(2d), the equilibrium equations (3a)-(3b)
for axially symmetric problem without body forces ib are
expressed in terms of displacements iu and temperature
change of the stratum  as follows:
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, (4a)
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0z z





 


. (4b)

The third relation among ru , zu and  can be
obtained from the conservation of energy:

0hq h , (5)

where h is the heat flux vector; hq is the internal or
external heat sources.

Assuming that the cross-anisotropic thermal flow is
governed by Fourier’s heat conduction law, we have

tr r tz zr z
 

 
 

 
 

h i i , (6)
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where tr and tz are the thermal conductivities in the
horizontal and vertical direction, respectively; ri and zi
are the unit vector parallel to the radial and vertical
direction, respectively.

Considering a point heat source of constant heat
generation rate Q located at point  0,0 . Equation (6) is
substituted into (5) to yield

1
0

2tr tz
Q

r z
r r rr z

  
   



 

 

   
    

  
, (7)

in which x is the Dirac delta function.
Equations (4a), (4b) and (7) constitute the basic

governing equations of the steady state axially symmetric
thermoelastic responses of a homogeneous cross-
anisotropic stratum due to a deep point heat source.

2.2 Boundary Conditions

The point heat source is buried at a great depth, and the
effect of the point heat source must vanish at the infinity
depth ( z ). Therefore, the boundary conditions of
the mathematical model are as below:

        , , , , , 0,0,0r zz
lim u r z u r z r z


 . (8)

This mathematical model is based on the governing
equations (4a), (4b), (7) and the corresponding boundary
conditions (8).

2.3 Analytic Fundamental Solutions

The closed-form analytic solutions of the long-term
thermally elastic responses of ground deformations,
thermal stresses, and temperature change of the stratum
due to a point heat source buried deep in a cross-
anisotropic full space are obtained by using Hankel
transform as follows:
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in which the upper and lower signs of  ,rz r z are for

the conditions of 0z  and 0z  , respectively. The

symbols *
i i iR R z  and 2 2 2

i iR r z 

 1, 2, 3i  . The coefficients ia and ib are defined as
following:
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in which the characteristic roots 1 and 2 must satisfy
the characteristic equation

 4 22 0CL AC F F L AL        , (11)
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and the characteristic root 3 tr tz   . Using the
computational software Mathematica, the fundamental
solutions of an isotropic stratum are obtained from (9a)-
(9g) by taking appropriate limit of 1 2 3 1     and
using L’Hospital’s rule. Carrying out the tedious
procedure, the solutions are obtained as below:
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where t, G, , and s are the thermal conductivity,
shear modulus, Poisson’s ratio, and linear thermal
expansion coefficient of the stratum, respectively. The

symbol 2 2R r z  denotes the distance from the point
heat source located at the origin  0,0 to the arbitrary

observation point  ,r z of the stratum. The negative
signs in equations (12d)-(12f) represent that the thermal
stresses due to a point heat source are compressive normal
stresses.

3. Closed-form Solutions Caused by a Deep
Horizontal Line Heat Source

The deep horizontal line heat source, shown in Figure 2,
can also introduce thermoelastic responses, and the
responses are derived from the fundamental solutions
caused by a deep point heat source. In the Cartesian
coordinates system (x, y, z), the fundamental solutions in
(9a)-(9g) or (12a)-(12g) are expressed as:

     , , , , cos , , sinx ru x y z u r z u r z     , (13a)

     , , , , sin , , cosy ru x y z u r z u r z     , (13b)

   , , , ,z zu x y z u r z , (13c)

   , , , ,x y z r z   , (13d)

     2 2, , , , cos , , sinxx rrx y z r z r z       

 , , sin 2r r z   , (13e)

     2 2, , , , sin , , cosyy rrx y z r z r z       

 , , sin 2r r z   , (13f)

   , , , ,zz zzx y z r z   , (13g)

     , , , , , , cos sinxy rrx y z r z r z         
 , , cos 2r r z   , (13h)

     , , , , , ,xz yz rzx y z x y z r z     , (13i)

in which 0u and 0r  for the case of axially
symmetric thermoelastic medium.

Figure 2. Horizontal line heating problem.

Figure 3. The horizontal component of the distance from
an elementary heat source at point (0, s, 0).

Figure 3 presents the horizontal component of the
distance from an elementary heat source at point (0, s, 0),
and the strength of the line heat source is treated as q.
Considering the elementary length ds of the line heat
source, the thermal strength of the length ds is equal to
qds. The quantity qds can be treated as a point heat
source. To determine the thermally mechanical responses
due to the elementary heat source at a point (x, y, z), the

quantity qds is substituted for Q, and  22r x y s  

for 2 2r x y  . Using Mathematica, the thermo-
mechanical behaviors at a point (x, y, z) on the xz-plane
due to the entire line heating source can be obtained by
integration with the symbol s from to as below:

 1 2 34x
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q
u h h h


   , (14a)
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0yu  , (14b)
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0yz  , (14j)

where  1, 2, , 10ih i   are expressed as following:

 2 2 2 1 1
1 1 1 1 2 2 2

1

2
ln tan

xz
h a x x z z

z x


 



  



1 z  , (15a)

 2 2 2 1 2
2 2 2 2 2 2 2

2

2
ln tan

xz
h a x x z z

z x


 



  



2 z  , (15b)

 2 2 2 1 3
3 3 3 3 2 2 2

3

2
ln tan

xz
h a x x z z

z x


 



  



3 z  , (15c)

 1 2 2 21
4 1 1 12 2 2

1

2
tan ln

xz
h b x z x z

x z


 


 
   

 
, (15d)

 1 2 2 22
5 2 2 22 2 2

2

2
tan ln

xz
h b x z x z

x z


 


 
   

 
, (15e)

 1 2 2 23
6 3 3 32 2 2

3

2
tan ln

xz
h b x z x z

x z


 


 
   

 
, (15f)

 2 2 2
7 3

3

1
lnh x z


  , (15g)

   2 2 2 2 2 2
8 1 1 2 2ln lnh a x z a x z    

 2 2 2
3 3lna x z  , (15h)

   2 2 2 2 2 2
9 1 1 1 2 2 2ln lnh b x z b x z      

 2 2 2
3 3 3lnb x z   , (15i)

1 11 2
10 1 1 2 22 2 2 2 2 2

1 2

2 2
tan tan

xz xz
h a a

z x z x
 

 
 

  
 

 31 2 2 21 1
3 3 12 2 2

3

2
tan ln

x z b z
a x z

xz x

 
 


  



   2 2 2 2 2 23 32 2
2 3ln ln

b zb z
x z x z

x x


     . (15j)

Proceeding with similar manner, the solutions of an
isotropic stratum due to the deep horizontal line heat
source are determined as below:
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in which the displacement component yu and shear stress

components, xy and yz , vanish by locating the y-axis
through the deep line heat source as shown in Figure 3.

The results of (14a)-(14j) are confirmed by
simplifying the solutions of cross-anisotropic
thermoelastic behaviors to isotropic case of (16a)-(16j).
All field quantities are functions of the distance from heat
source and are proportional to the linear thermal
expansion coefficient, but they are inversely proportional
to the thermal conductivity. For isotropic cases, the shear
modulus does not have influence on the displacements
and temperature change of the stratum as shown in (16a)-
(16d).

4. Numerical Results

The numerical results were obtained for different
appropriate sets of soil thermoelastic constants to
investigate the effect of anisotropy on displacements,
temperature increment and thermal stresses of the strata
due to a deep point heat source. The related thermoelastic
constants are summarized in Table 1.
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Table 1. Material properties of isotropic and cross-
anisotropic soils (*assumed values).

Case r rz rz zG E r zE E sr sz  tr tz 

Case 1: Isotropy [16] 0.25 0.25 0.4 1.0 1.0 1.0

Case 2: Cross-anisotropy [17] 0.125 0.75 0.445 2.0 10.0* 10.0*

Case 3: Cross-anisotropy [17] 0.125 0.75 0.64 3.0 10.0* 10.0*

Case 4: Cross-anisotropy [17] 0.125 0.75 0.64 4.0 10.0* 10.0*

Case 5: Cross-anisotropy [11,18,19] 0 0.38 0.38 1.84 10.0* 10.0*

Figure 4. Influence of anisotropy on long-term (a)
horizontal displacements ru and (b) vertical displacement

zu of the strata.

Figure 5. Influence of anisotropy on long-term
temperature changes of the strata.

Figure 6. Influence of anisotropy on long-term (a)
thermal radial stress rr , (b) thermal hoop stress  , (c)
thermal axial stress zz and (d) thermal shear stress rz of
the strata.

(a)

(b)

(a)

(b)

(c)

(d)
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The values of anisotropic linear thermal expansion
coefficient 10.0sr sz   and thermal conductivity

10.0tr tz   are assumed in cases 2 to 5. For the
heavily over-consolidated London clay, the range of the
ratio r zE E is between 1.35 and 2.37, and the ratio

rz zG E is between 1.35 and 2.37 [18,19]. The average
values of r zE E and rz zG E are 1.84 and 0.38,
respectively.  In these numerical studies, the Young’s 
modulus in vertical direction zE , linear thermal
expansion coefficient in vertical direction sz , and
thermal conductivity in vertical direction tz are treated
as constants in cases 2 to 5.

The influence of anisotropy on long-term
thermoelastic responses are given in Figures 4 to 6. In
these figures, the thermoelastic responses are normalized.
From Figures 4 to 6,the anisotropy properties of the soils
show significant effect on long-term thermally elastic
responses compared with the results obtained for an
isotropic soil of case 1. For example, the long-term
horizontal displacement of case 4 is reduced to around
75% of the corresponding value for the isotropic soil of
case 1, while the long-term vertical displacement of case
4 increases to 150% of case 1 for ratio z/r > 3 as shown in
Figure 4. For ratio of tr tz  at 10.0 in cases 2 to 5, the
long-term temperature increments of the strata in cases 2
to 5 are reduced to around 10% of the corresponding
value for the isotropic soil of case 1 as illustrated in
Figure 5.

5. Conclusion

Using the computational software Mathematica, this
investigation obtains closed-form solutions of the long-
term thermoelastic responses due to an infinite horizontal
line heat source of constant heat generation rate buried
deep in a cross-anisotropic elastic full space. Results for
solutions of cross-anisotropic thermoelastic behaviors are
obtained by simplifying closed-form solutions to the
isotropic case of thermoelastic full space. The solutions
are used to evaluate detail numerical simulations of
thermoelastic responses near the heat source. The results
show:
1. The derived solutions illustrate that all field quantities

are inversely proportional to the thermal conductivity.
However, the shear modulus does not have influence
on long-term displacements and temperature increment
of the strata for the case of isotropic properties.

2. The anisotropy of the soils has significant effect on
long-term thermally elastic responses compared with
the results obtained for an isotropic soil. For example,
the long-term horizontal displacement for anisotropic
soil of case 4 is reduced to around 75% of the
corresponding value for the isotropic soil of case 1,
while the long-term vertical displacement of case 4

increases to 150% of case 1 for ratio z/r > 3 as shown
in Figure 4.
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Nomenclature

1a , 2a , 3a Parameters defined in equations (10a)-
(10c)

A, C, F, L, N Elastic constants of the cross-anisotropic
stratum defined by Love [15]

1b , 2b , 3b Parameters defined in equations (10d)-
(10f)

 ,ib i r z Body forces in cylindrical coordinates
G Shear modulus of the isotropic stratum

h Heat flux vector

1 10, ,h h Functions defined in equations (15a)-
(15j)

,r zi i Unit vector parallel to the radial/vertical
direction

q Heat generation rate of the line heat
source

hq Internal/external heat sources
Q Heat generation rate of the point heat

source
(r, θ, z) Cylindrical coordinates system
R Distance parameter defined as

2 2R r z 

1 2 3, ,R R R Distance parameters defined as
2 2 2

i iR r z  ,  1,2,3i 
* * *
1 2 3, ,R R R Distance parameters defined as

*
i i iR R z  ,  1,2,3i 

, ,r zu u u Radial/tangential/axial displacement of
the thermoelastic stratum

, ,x y zu u u Displacements of the medium expressed
in Cartesian coordinates system

(x, y, z) Cartesian coordinates system
s Linear thermal expansion coefficient for

the isotropic thermoelastic stratum
,sr sz  Linear thermal expansion coefficient of

the cross-anisotropic thermoelastic
stratum in the horizontal/vertical
direction

r , z Linear thermal expansion factor of the
cross-anisotropic thermoelastic stratum in
the horizontal/vertical direction

x Dirac delta function
δij Kronecker delta

ij Strain components of the stratum
 Temperature change of the thermoelastic

stratum
 Lame constant of the thermoelastic

stratum
t Thermal conductivity of the

thermoelastic stratum
,tr tz  Horizontal/vertical thermal conductivity

of the cross-anisotropic stratum
1 2,  Characteristic roots defined in equation

(11)
3 Characteristic root, 3 tr tz  

 Poisson’s ratio for the isotropic
thermoelastic stratum

ij Thermal stress components of the
thermoelastic stratum
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ABSTRACT
On the basis of a point sink induced half space
fundamental solutions, the investigation presents
analytical solutions of the long-term consolidation
settlement and excess pore fluid pressure of a saturated
elastic aquifer subjected to a circularly symmetric fluid
sink. The governing equations of the mathematical model
are based on the theory of poroelasticity. The aquifer is
modeled as a homogeneous isotropic poroelastic half
space, and the total stresses of the aquifer obey Newton’s
second law and Hooke’s law. Besides, the mass
conservation and Darcy’s law are introduced to formulate
the governing equations of pore fluid flow. The software
Mathematica is used to complete the symbolic
calculations, and the closed-form solutions are derived.

KEY WORDS
Fluid Sink, Half Space, Closed-form Solution, Porous
Medium.

1. Introduction

Large amounts of groundwater withdrawal can induce
land subsidence [1]. The stratum compact on itself when
the groundwater is withdrawn from the saturated aquifer
of the strata. As water pumped from an aquifer, the pore
water pressure is reduced in the withdrawal region. It
leads to increase in effective stress between the solid
skeleton and the subsidence of ground surface.

The coupled three-dimensional consolidation theory
introduced by Biot [2,3] is generally regarded as the
fundamental theory for modelling consolidation
settlement. The approach followed Rice and Cleary [4]
who provided an elegant formulation of Biot’s theory in 
terms of easily identifiable quantities and material
constants. Bear and Corapcioglu [5,6] presented the
modified Biot’s equations where the pore fluidwas
treated as compressible and the solid skeleton was
assumed incompressible.  Based on Biot’s theory 
modified by Bear and Corapcioglu [5,6], Booker and
Carter [7-10], Tarn and Lu [11] presented solutions of
subsidence by a point sink embedded in the saturated

elastic half space at a constant rate. Chen [12,13], Kanok-
Nukulchai and Chau [14] presented analytic solutions for
the steady-state responses of displacements and stresses in
a porous half space subject to a fluid point sink. Lu and
Lin [15,16] displayed transient displacements of the
pervious half space due to steady pumping rate [15] and
impulsive pumping [16]. Hou et al. [17] presented that
the ground horizontal displacement occurred as
groundwater withdrawn from an aquifer.

The present investigation is focused on the closed-
form solutions of an isotropic poroelastic half space due
to a circularly symmetric fluid sink which still have not
been derived in previous studies. In this study, the aquifer
is modelled as a linearly elastic medium with
homogeneous isotropic properties. The half space
fundamental solutions of the long-term displacements and
excess pore fluid pressure of the saturated aquifer due to a
point sink are obtained by using Hankel and Fourier
transforms.

Based on the derived fundamental solutions, the
software Mathematica is used to complete the symbolic
calculations and obtain the closed-form solutions for the
aquifer subjected to a circularly symmetric fluid sink.
The solutions can be used to develop numerical models
and the detailed numerical simulations of the
consolidation settlement near the circularly symmetric
fluid sink.

2. Modelling of Poroelastic Point Sink
Problem

2.1 Basic Governing Equations

The formulation of Biot’s equations follows that of Rice
and Cleary [4] who provided an easily identifiable
quantities and material constants. Four basic material
constants are selected in the constitutive equations
including the shear modulus ,G the drained Poisson’s
ratio , the undrained Poisson’s ratio u and Skempton’s
pore pressure coefficient B [18]. The physical ranges of
material constants B and u are 0 1B  and
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1
20 u    [4], respectively. For the situation of

incompressible constituents, the poroelastic coefficients
1B  and 1

2u  . According to Rice and Cleary [4], the
reformulated constitutive relations are expressed as [19]:
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, (1b)

in which ,ij p and ij are the total stress components,
excess pore fluid pressure and solid strain components of
the poroelastic media, respectively. Note that positive ij
and p represent tension. The parameter is variation of
fluid content per unit reference volume of the aquifer.
The volumetric strain of the skeletal material is denoted
by and 11 22 33      ; ij is the Kronecker delta.
The inversions of equations (1a) and (1b) are shown as
the form:
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The solid strain components ij and displacement

components iu are governed by the linear kinematic
equation:

 1
, ,2ij i j j iu u  . (2)

The total stress components ij must satisfy the
equilibrium equations:

, 0ij j ib   , (3)

where ib denote the body force components. The mass
balance for the fluid phase is denoted by:

, 0i iv q
t

  


, (4)

in which iv is the specific discharge velocity components;
the quantity q is the rate of fluid extracted from the
saturated porous aquifer per unit volume by the sink. The
pore fluid flow is governed by Darcy’s lawas below:

,i i
f

k
v p


 , (5)

in which k and f denotes the permeability of the porous
aquifer and the unit weight of pore fluid, respectively.

The governing equations (1) to (5) are combined to
derive various field equations for their corresponding
solutions of boundary value problems. The equilibrium
equation (3) and mass balance equation (4) are expressed
in terms of displacement components iu and excess pore
fluid pressure p by substituting (1a) into (3), (1b*) and (5)
into (4) as below [20]:

2 0
1 2i i

i i

G p
G u b

x x




 

    
  

, (6a)

  
  

2
22

9 1 2
0,

2 1 2 1
u u

f u

k p
p q

t tGB

   


  

   
     

  
(6b)

where  is known as Biot’s coefficient of effective stress
which can be defined as
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The above mathematical model is known as coupled
model of poroelasticity where the flow field is dependent
on the displacement field. The long-term consolidation
settlement model is preferred in this investigation, and the
time dependent differentiation terms in equation (6b) are
neglected.

Figure 1 presents a fluid point sink buried in a
saturated porous elastic half space at a depth h. The
constant pumping strength is denoted as Q at the location

 0, .h Introducing the equilibrium equations for
axisymmetric poroelasticity model with a vertical axis of
symmetry and neglect the effects of body forces ib , the
equation (6a) are transformed to equations (8a) and (8b).
Moreover, the mass balance equation (6b) are expressed
as (8c) by assuming the long-term consolidation
settlement. After doing so, the governing equations in
axially symmetric coordinates  ,r z are derived in terms

of displacements  ,iu i r z and excess pore fluid
pressure p as following:

2
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where the differential operator
2 2

2
2 2

1
r rr z

  
   

 

and solid strain components r r zu u u
r r z


 

  
 

; x is

the Dirac delta function. Equations (8a) to (8c) are the
basic field equations of long-term consolidation
settlement with a point sink at a constant pumping rate, in
which the fluid and solid are treated as compressible
constituents.

Figure 1. Poroelastic point sink problem.

2.2 Boundary Conditions

The ground surface of the half space is treated as a
pervious and traction-free boundary for all times 0t  .
Therefore, the mathematical statements of the ground
surface boundary 0z  in axisymmetric coordinates
 ,r z are:

 ,0 0rz r  ,  ,0 0zz r  , and  ,0 0p r  . (9a)

The displacements and excess pore fluid pressure at
the remote boundary z  due to the effect of a point
sink must be nil at any time. These conditions are written
as

        lim , , , , , 0,0,0r zz
u r z u r z p r z


 . (9b)

This mathematical model is based on the governing
equations (8a)-(8c) and the corresponding boundary
conditions (9a)-(9b).

2.3 Fundamental Solutions

Applying Hankel integral transformation [21] with respect
to the variable r, the closed-form analytic fundamental
solutions of the long-term responses of ground
deformations and excess pore water pressure of the elastic

aquifer due to a point sink in an isotropic half space are
obtained as follows [11]:
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where  22
1 z hR r   ,  22

2 z hR r   and

 *
2

22R z hr z h    . The equations (10a)-(10c)

are the fundamental solutions of the poroelastic half space
due to a fluid point sink.

3. Closed-form Solution Due to a Circularly
Symmetric Fluid Sink

Figure 2. Circularly symmetric fluid sink problem.

Figure 2 displays the circularly symmetric fluid sink
model. The closed-form solutions of the horizontal
displacement  ,ru r z , vertical displacement  ,zu r z

and excess pore fluid pressure  ,p r z due to a circularly
symmetric fluid sink with radius b at a depth h are derived
from equations (10a)-(10c).
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Figure 3. Analysis of the circularly symmetric fluid sink
problem.

Figure 3 shows a unit area dA located at a distance s
from the center of circularly symmetric fluid sink. The
pumping strength of this unit area is qdA , and it is
approximated as a fluid point sink. The increment of
displacements ru , zu and excess pore fluid pressure p
due to the elementary circularly symmetric fluid sink are
obtained by substituting r s for r and qsdsd for Q
in equations (10a)-(10c). Thus, the induced total
increment of displacements and excess pore fluid pressure
of the aquifer are determined by the integration with
radial limits of 0s  to s b and circumferential limits
of 0 to 2  . Using Mathematica to complete the
symbolic calculations, the closed-form solutions are given
as below:
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in which 2 2
,i jR i j  , * 2 2

,i jR i i j  , and

, , , ,i j r r b z h z h    .
The ground surface horizontal and vertical

displacements are found when 0z  :
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where r r h and b b h . The solutions can be used
to test numerical models and the detailed numerical
simulations of the consolidation processes near the
circularly symmetric fluid sink.

4. Numerical Results

The normalized parameter of circularly symmetric fluid
sink with radius b to depth h ratio (b/h) is used to verify
the proposed solutions. The profiles of vertical and
horizontal displacements at the ground surface 0z  are
normalized by   21 2 2fq h Gk as shown in Figures
4 and 5, respectively. The results shown in Figures 4 and
5 indicate that the higher normalized parameter b/h can
induce larger displacements on the ground surface. The
values in Figure 4 are the ground surface horizontal
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displacement pointed outward from the axial symmetric
center near the circularly symmetric fluid sink, and the
negative value indicates that ground surface horizontal
displacement is directed toward the axial symmetric
center. Figures 4 and 5 also concluded that the elastic
ground surface deformations due to a circularly
symmetric fluid sink reached their extreme values near
the edge of circularly symmetric fluid sink, i.e., r equals b.
At distance away from the sink, the displacements
reduced at remote ground surface boundary.

Figure 4. Normalized horizontal displacement profile at
the ground surface z = 0 due to circularly symmetric fluid
sink.

Figure 5. Normalized settlement profile at the ground
surface z = 0 due to circularly symmetric fluid sink.

C

Based on the fundamental solutions due to a fluid point
sink, the analytical solutions of long-term horizontal
displacement, vertical displacement and excess pore fluid
pressure of a poroelastic half space subject to a circularly
symmetric fluid sink were obtained. The closed-form
solutions are derived by using Mathematica to complete
the symbolic calculations. The solutions provide valuable
information to test numerical models and simulations of
the groundwater withdrawal processes near the circularly
symmetric fluid sink. The results show:

1. The numerical results indicate that the larger
normalized circularly symmetric fluid sink radius b/h
can induce larger displacements of the ground surface.

2. The long-term poroelastic ground surface
deformations due to a circularly symmetric fluid sink
reached their extreme values near the edge of fluid
sink, and the values reduced at remote ground surface
boundary.
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Nomenclature

ib Body forces (Pa/m)

b Normalized radius of the circularly
symmetric fluid sink, b b h
(Dimensionless)

B Skempton’s pore pressure coefficient 
(Dimensionless)

dA Elementary area of the circularly symmetric
fluid sink (m2)

ds Elementary distance of the distance from the
center of circularly symmetric fluid sink (m)

d Elementary circumferential angle (radian)
G Shear modulus of the isotropic porous aquifer

(N/m2)
h Pumping depth of the sink point (m)
k Permeability of the isotropic porous aquifer

(m/s)
p Excess pore water pressure (N/m2)
q Rate of fluid extracted from the saturated

porous aquifer per unit volume (s)
Q Pumping strength of the point sink (m3/s)

 , ,r z Cylindrical coordinates system (m, radian, m)
r Normalized radial variable, r r h

(Dimensionless)

,i jR Distance parameter, 2 2
,i jR i j  (m)

1R Distance parameter,  22
1 z hR r   (m)

2R Distance parameter,  22
2 z hR r   (m)

*
,i jR Distance parameter, * 2 2

,i jR i i j  (m)
*
2R Distance parameter,

 *
2

22R z hr z h    (m)

s Distance from the center of circularly
symmetric fluid sink (m)

t Time variable (s)
iu Displacement components of the poroelastic

aquifer (m)
,r zu u Radial/axial displacement of the porous

aquifer (m)
iv Specific discharge velocity components (m/s)
 Biot’s coefficient of effective stress 

(Dimensionless)
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f Unit weight of pore fluid (N/m3)

x Dirac delta function (m-1)

ij Kronecker delta (Dimensionless)
 Volume strain of the porous aquifer

(Dimensionless)
ij Strain components of the poroelastic medium

(Dimensionless)
 Variation of fluid content per unit reference

volume (Dimensionless)
 Poisson’s ratio of the isotropic porous strata

(Dimensionless)
u Undrained Poisson’s ratio of the poroelastic

medium (Dimensionless)
ij Stress components of the porous strata (N/m2)

2 Differential operator,
2 2

2
2 2

1
r rr z

  
   

 
(1/m2)
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附錄 5 
 

出席國際會議並擔任會

議主持人之心得報告 
 

會議名稱：The 20th IASTED International 
Conference on Applied Simulation 
and Modelling 

會議時間：2012/6/25~27 
會議地點：Napoli, Italy 
發表論文：如附錄 3 與附錄 4 所示 
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行政院國家科學委員會補助國內專家學者出席國際學術會議報告 

                                                         2012 年 7 月 18 日 

報告人姓名 

 

呂 志 宗 

 

服務機構

及職稱 

 

中華大學土木工程學系副教授

 

     時間 

會議 

     地點 

2012 年 6 月 25~27 日 
 

義大利╱那不勒斯╱拿坡里

本會核定

補助文號

 

101-2914-I-216-003-A1 

 

會議 

名稱 

 (中文)第 20 屆 IASTED 應用模擬與模式化國際學術會議 

 (英文) The 20th IASTED International Conference on Applied Simulation and Modelling 

發表 

論文 

題目 

 (中文) 1. 橫向等向性的熱彈性介質受深層水平線熱源作用之模擬 

        2. 圓形對稱抽水所引致的壓密沉陷模擬 

 (英文) 1. Modelling of a Buried Deep Horizontal Line Heat Source in a Cross-Anisotropic Thermoelastic Medium 
        2. Modelling of Consolidation Settlement Due to a Circularly Symmetric Fluid Sink 

一、 參加會議經過 

本次申請人所參加的國際學術會議為「The 20th IASTED International 
Conference on Applied Simulation and Modelling」，其係與「The 15th IASTED 
International Conference on Computers and Advanced Technology in Education」、「The 
11th IASTED European Conference on Power and Energy Systems」及「The 15th 
IASTED International Conference on Artificial Intelligence and Soft Computing」在同一

時間暨同一地點舉辦。申請人共計發表兩篇 EI 等級的論文，並擔任分組會議之主

持人，所投稿的論文已順利完成論文簡報。 

本國際學術會議是由「國際科學與技術發展協會（International Association of 
Science and Technology for Development）」所主辦，本會議之重點為模擬與模式化

在各個領域的應用，此次會議為第 20 次舉辦，可見其已具有甚佳的傳統、能見度

與國際化，故廣受世界各國相關領域之學者專家的高度重視。例如會議籌備委員會

的委員分別來自 21 個國家，包括：英國、日本、美國、巴西、加拿大、比利時、

法國、紐西蘭、匈牙利、希臘、印度、德國、葡萄牙、拉脫維亞、義大利、芬蘭、

波蘭、墨西哥、馬其頓、澳大地亞、羅馬尼亞等，可見此一國際會議已受到歐洲、

亞洲、美洲、澳洲等各個國家的高度重視。 

大會在各個領域中，均有安排多場的專題演講，分別為：(1)義大利的 Fabio De 
Felice 博士之演講：「AHP and Simulation: Two winning Methodologies Combined 
Together」；(2)西班牙的 Javier Contreras 博士之演講：「Integration of Renewable 
Energies into the Iberian Electricity Market」；(3)義大利的 Enzo Bergamini 博士和

Dayana Pesando 博 士 之 演 講 ：「 High-Fidelity Physical System Modeling in 
Maplesim」； (4)德國的 Thomas Alexander 博士之演講：「Advances Towards a 
Comprehensive Simulation: Combining Live, Virtual and Constructive」。相關之不同領

域的學術交流，尚有許多，對本人均有極大的幫助。 

因實施夏令時間，義大利的時間比台灣晚 6 個小時，世界各國的遊客絡繹不絕。

會議地點鄰近歐洲大陸唯一的活火山維蘇威火山，其海拔高度是 1,281 公尺；此外，

義大利擁有許多的人類文化遺產，是歐洲文化的搖籃，故很值得親身前往體驗。本 
 

附
件
三 

附 87



表 Y04 

次行程先從台灣飛到泰國曼谷的蘇汪納蓬國際機場，轉機後飛往羅馬的費米齊諾國

際機場，再從費米齊諾國際機場搭兩班火車前往拿坡里開會，很感謝國科會的經費

支持！ 

二、 與會心得 

由「國際科學與技術發展協會」主辦之本次會議所發表的論文，均已納入 EI、
Scopus 檢索資料庫等。本國際學術會議是在義大利的拿坡里舉辦，主辦單位希能提

供一個交流平臺，讓世界各國的研究人員及學者專家等，在模擬與模式化於各個領

域的應用上，能有彼此交流與相互學習的機會，並祈使各國能在相關領域之應用上

有長足的進步。 

會議之研討主題包括五大類，如以下說明所示： 

(1) Modelling and Simulation Methods：共計 15 個子題 
(2) Simulation Tools and Techniques：共計 21 個子題 
(3) Environmental Modelling and Simulation：共計 32 個子題 
(4) Applied Simulation in the Energy Sector：共計 14 個子題 
(5) Biomechanics Modelling：共計 29 個子題 

  會議之性質、重要性及學術地位等可用以下五點加以說明： 

(1) 這個研討會的舉辦已來到第 20 年，會議主旨是提供各界模擬與模式化

(Simulation and Modelling)領域之應用、研究、分享與探索的平台，目前已逐步

形成一卓越且重要的全球性研討會。 

(2) 本次會議共獲得約 30 餘個國家的專家學者投稿參與，本人有兩篇投稿論文被接

受，已於會中發表。藉由論文發表，本人確信已得到與會學者專家寶貴的建議

與評論，可藉此使研究論文更紮實，對後續投稿到 SCI 等級的期刊會很有幫助。 

(3) 「國際科學與技術發展協會」希望能藉先導型國際學術會議之舉辦，將各個領

域的模擬與模式化之議題納入討論，並藉由各國之相關研究成果的交流，提出

可行的方案，以供各界參考。 

(4) 藉由觀摩與請益來自 30 餘國的與會學者專家之研究心得與經驗分享，參加本次

會議確實有助於提昇個人的研究能力與視野。會議論文亦已被收錄於 EI、Scopus
等資料庫。 

(5) 申請人之參與除有助於瞭解並掌握國際間關於相關領域的模擬與模式化之研究

現況外，亦可與世界各國之相關領域學者專家相互切磋交流，此應有利於提昇

本國相關領域在模擬與模式化等方面之應用與推廣。 

三、 考察參觀活動 

會議主辦單位雖未安排參觀或考察活動，但申請人有自行安排相關的參觀與考

察，主要重點為與土木和文化相關之參訪活動。 

四、 建議 

參與國際性之學術會議，極有助於開拓學術研究領域之視野，也可以在會議期

間，多認識一些來自世界各地的學者專家，此應有助於建立友誼，並瞭解世界各國

相關科技領域之發展現況，對以後提出國際性之學術合作應極有幫助。另外，瞭解 
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不同國家間之民俗文化，並與其有深入之對話，對增進人類各國家民族間彼此關懷

與照顧的情誼，亦有極大的幫助。建議國科會可鼓勵大專院校之教師們，多參與類

似之重要國際學術會議。 

五、攜回資料名稱及內容 

所攜回資料包括以下兩大類，說明如下： 

(1) 攜回「第 20 屆 IASTED 應用模擬與模式化國際學術會議論文集（Proceedings of 
the 20th IASTED International Conference on Applied Simulation and 
Modelling）」，資料主要內容為會議中的各個研討主題之論文電子檔。 

(2) 相關領域之其他學術會議資料的蒐集。 

六、其他（用照片說明會議經過） 

 
照片 1 會議舉辦地點拿坡里位於義大

利南部，摘自 Google 地圖，http://maps. 
google.com.tw/maps?hl=zh-TW&tab=wl 

照片2 拿坡里的衛星地圖，摘自Google
地圖 ， http://maps.google.com.tw/maps? 
hl=zh-TW&tab=wl 

照片 3  於桃園國際機場準備搭乘

TG635 班機前往曼谷的蘇汪納蓬國際機

場轉機 

 
照片 4 於曼谷的蘇汪納蓬國際機場準

備搭乘 TG944 班機前往羅馬的費米齊諾

國際機場 

照片 5 於羅馬的費米齊諾國際機場準

備搭乘 Leonardo 高速火車前往羅馬的

Termini 火車站再轉搭火車前往拿坡里 

照片 6 於羅馬的 Termini中央火車站準

備轉搭火車前往會議地點拿坡里 

 
照片 7 終於抵達拿坡里的中央火車站 照片 8 會議地點在鄰近地中海的Royal 

Continental Hotel 
照片 9 會議地點的對面是 Dell’ovo 城

堡 

 
照片 10 本人正進行第一篇的論文簡報

(6 月 25 日) 
照片 11 本人正進行第二篇的論文簡報

(6 月 26 日) 
照片 12 來自斯洛維尼亞(Slovenia)的
Primož Potočnik 博士正進行論文簡報 
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照片 13 來自伊朗的 Mohammadsaleh 
Malekinejad 博士正進行論文簡報 

照片 14 來自日本的 Kenji Ozawa 博士

正進行論文簡報 
照 片 15  來 自 法 國 的 Kalyana 
Chakravarthy Veluvolu 博士正進行論文

簡報 

 
照片 16 來自俄羅斯的 Ilya A. Gudkov
先生正進行論文簡報 

照片 17 來自哈薩克 (Kazakhstan)的
Nikolay Y. Borovskiy 博士正進行論文簡

報 

照片 18 來自韓國的 Hongrae Kim 博士

正進行論文簡報 

 
照片 19 來自希臘的 Foteini 
Grivokostopoulou 博士生正進行論文簡

報 

照片 20 來自義大利的 Fabio De Felice
博士正進行專題演講 

照片21 來自加拿大的Adif先生正進行

論文簡報 

 
照片 22 來自瑞典的 Asif Rahman 博士

生正進行論文簡報 
照片 23 來自日本的 Nobuyuki Ohmori
博士生正進行論文簡報 

照片 24 來自義大利的 Enzo Bergamini
博士正進行專題演講 

 
照片 25 來自義大利的 Dayana Pesando
博士正進行專題演講 

照片 26 本人與來自西班牙的 Jose 
Gonzalez Monteagudo 博士合影 

照片 27 拿坡里的 Nuovo 城堡 
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照片 28 拿坡里的保羅聖方濟各教堂

(Chiesa di San Francesco di Paola) 
照片 29 拿坡里的 Galleria Umerto 照片 30 Galleria Umerto 內正在拍攝婚

紗照的花童 

 
照片 31 本人在羅馬的圓形競技場前留

影 

 
照片 32 本人在羅馬的威尼斯廣場前留

影 

 
照片 33 羅馬的君士坦丁凱旋門 

 
照片 34 羅馬的西班牙廣場 

 
照片 35 羅馬的許願池 照片 36 梵蒂岡的聖天使城堡 

 
照片 37 梵蒂岡的聖彼得大教堂 

 
照片 38 台灣的大使館國旗飄揚於梵蒂

岡 
照片 39 於羅馬的 Termini 中央火車站

準備搭乘火車前往費米齊諾國際機場後

搭機返國 

 
照片 40 於羅馬的費米齊諾國際機場準

備搭乘 TG945 班機至曼谷的蘇汪納蓬國

際機場轉機 

 
照片 41 於曼谷的蘇汪納蓬國際機場準

備搭乘 TG634 班機返國 
照片 42 順利完成任務返抵國門 
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圖 1  擔任分組會議之主持人的證明文件 
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圖 2  親自簡報已接受論文「Modelling of a Buried Deep Horizontal Line Heat Source in a 

Cross-Anisotropic Thermoelastic Medium」之證明文件 
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圖 3  親自簡報已接受論文「Modelling of Consolidation Settlement Due to a Circularly 

Symmetric Fluid Sink」之證明文件 
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附錄 6 
 

初步整理後擬進行投稿

之其他相關研究成果

(1) 
 

Lu, John C.-C. and Feng-Tsai Lin, 2013,
“Closed-form Solutions of the Axisymmetric
Elastic Consolidation Settlement Due to an 
Impulsive Point sink,” Ready to Submit for 
Reviewing. (This work is supported by the 
National Science Council through grants 
NSC100-2221-E-216-025.) 
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CLOSED-FORM SOLUTIONS OF THE AXISYMMETRIC ELASTIC 
CONSOLIDATION SETTLEMENT DUE TO AN IMPULSIVE POINT SINK 

 
John C.-C. Lu

1
 and Feng-Tsai Lin

2
 

1
Department of Civil Engineering, Chung Hua University 

No. 707, Sec. 2, WuFu Rd., Hsinchu 30012, Taiwan, R.O.C. 
cclu@chu.edu.tw 

2
Department of Naval Architecture, National Kaohsiung Marine University 

No. 142, Haijhuan Rd., Kaohsiung 81157, Taiwan, R.O.C. 
ftlin@mail.nkmu.edu.tw 

 
ABSTRACT 
This paper presents the axisymmetric ground surface 
displacements and excess pore water pressure caused by 
impulsive point sink in a saturated isotropic poroelastic 
half space.  The formulations of the mathematical model 
are based on Biot’s three-dimensional consolidation 
theory of porous media.  Closed-form solutions of the 
transient consolidation deformation and excess pore water 
pressure are derived by using the Laplace and Hankel 
integral transforms.  The consolidation affected by the 
consolidation parameters are illustrated and discussed.  
Results show that the maximum ground surface horizontal 
displacement is around 38.5% of the maximum vertical 
displacement for the pervious ground surface.  The study 
concludes that horizontal displacement is significant and 
should be considered in prediction of the transient 
consolidation deformations induced by impulsive 
groundwater withdrawal. 
 
KEY WORDS 
Impulsive Point Sink, Consolidation Settlement, Closed-
form Solution, Half Space 
 
1.  Introduction 
 
Large amounts of groundwater withdrawal can induce 
land subsidence [1].  The stratum compact on itself when 
the groundwater is withdrawn from the saturated aquifer 
of the strata.  As water pumps from an aquifer, the pore 
water pressure is reduced in the withdrawal region.  It 
leads to increase in effective stress between the solid 
skeleton and thus the subsidence of ground surface. 
 The coupled three-dimensional consolidation theory 
introduced by Biot [2,3] is generally regarded as the 
fundamental theory for modelling consolidation 
settlement.  The approach followed here is that of Rice 
and Cleary [4] who have provided an elegant formulation 
of Biot’s theory which is in terms of easily identifiable 
quantities and material constants.  Bear and Corapcioglu 
[5,6] presented the modified Biot’s equations where the 
pore fluid is treated as compressible while the solid 
skeleton is assumed as incompressible.  Based on Biot’s 
theory modified by Bear and Corapcioglu [5,6], Booker 

and Carter [7-10], Tarn and Lu [11] presented solutions of 
subsidence by a point sink embedded in the saturated 
elastic half space at a constant rate.  Chen [12,13], Kanok-
Nukulchai and Chau [14] presented analytic solutions for 
the steady-state responses of displacements and stresses in 
a porous half space subject to a fluid point sink.  Lu and 
Lin [15,16] displayed transient displacements of the 
pervious half space due to steady pumping rate [15] and 
impulsive pumping [16].  The results presented by Hou et 
al. [17] shown that ground horizontal displacement 
occurred when groundwater withdrawal from an aquifer.  
 The present investigation is focused on the closed-
form solutions of an isotropic poroelastic half space due 
to an impulsive point sink with compressible constituents 
which still have not been derived in previous studies.  In 
this paper, the aquifer is modelled as a linearly elastic 
medium with homogeneous isotropic properties.  By 
using Laplace and Hankel transforms, the half space 
closed-form solutions of the transient displacements and 
excess pore fluid pressure of the saturated aquifer due to 
an impulsive point sink are obtained.  The solutions can 
be used to test numerical models and the detailed 
numerical simulations of the consolidation settlement near 
the impulsive point sink. 
 
 
2.  Mathematical Models 
 
2.1 Basic Equations 
The formulation of Biot’s equations is following that of 
Rice and Cleary [4] who have provided an easily 
identifiable quantities and material constants.  Four basic 
material constants are selected in the constitutive 
equations: the shear modulus ,G  the drained Poisson’s 

ratio ,  the undrained Poisson’s ratio u  and Skempton’s 

pore pressure coefficient B  [18].  The physical ranges of 
material constants B  and u  are obviously 0 1B   and 

1
20 u     [4], respectively.  For the situation of 

incompressible constituents, the poroelastic coefficients 
1B   and 1

2u  .  According to Rice and Cleary [4], the 

reformulated constitutive relations can be expressed as 
[19]: 
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in which ,ij  p and ij  are the total stress components, 

excess pore fluid pressure and solid strain components of 
the poroelastic media.  Note that ij  and p are here taken 

as positive for tension.  The parameter   is the variation 

of fluid content per unit reference volume of the aquifer.  
The volumetric strain of the skeletal material is denoted 
by   and 11 22 33      ; ij  is the Kronecker delta.  

The inversions of equations (1a) and (1b) can be shown to 
take the form: 
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The solid strain components ij  and displacement 

components iu  are governed by the linear kinematic 

equation:  
 

 1
, ,2ij i j j iu u   .                                                           (2) 

 
The total stress components ij  must satisfy the 

equilibrium equations:  
 

, 0ij j ib   ,                                                                   (3) 

 
where ib  denote the body force components.  The mass 

balance for the fluid phase is denoted by: 
 

, 0i iv q
t


  


,                                                             (4) 

 
in which iv  is the specific discharge velocity components;  

and q  is the rate of fluid extracted from the saturated 

porous aquifer per unit volume by the sink.  Assuming 
that the pore fluid flow is governed by Darcy’s law, we 
have 
 

,i i
f

k
v p


  ,                                                                 (5) 

 
in which k  denotes the permeability of the porous aquifer 
and f  is the unit weight of pore fluid. 

The governing equations (1) to (5) can be combined 
to yield various field equations for the solutions of 
boundary value problems.  Substituting (1a) into (3), (1b*) 
and (5) into (4), respectively, then the equilibrium 
equation (3) and mass balance equation (4) can be 
expressed in terms of displacement components iu  and 

excess pore fluid pressure p  as below:  
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where   is known as Biot’s coefficient of effective stress 
which can be defined as 
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The above mathematical model is known as coupled 

model of poroelasticity where the flow field is dependent 
on the displacement field.  The coupling term t   in 

equation (6b) is neglected in this paper. 
Figure 1 presents a fluid point sink buried in a 

saturated porous half space at a depth h.  The impulsive 
pumping strength at t = 0 is denoted as Q  at the location 

 0, .h   Introducing the equilibrium equations for 

axisymmetric poroelasticity problem with a vertical axis 
of symmetry and neglect the effects of body forces ib , 

then equation (6a) is transformed to equations (8a) and 
(8b).  Moreover, assuming the flow field is independent 
from the displacement field, then the mass balance 
equation (6b) can be expressed as (8c).  After doing so, 
the uncoupled governing equations in axisymmetric 
coordinates  ,r z  are derived in terms of displacements 

 ,iu i r z  and excess pore fluid pressure p as following: 
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where 
2 2

2
2 2

1

r rr z

  
   

 
 is the Laplacian operator 

and r r zu u u

r r z


 
  

 
 is the volumetric strain of the 
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poroelastic aquifer;  x  is the Dirac delta function.  

Equations (8a) to (8c) are the uncoupled basic field 
equations with an impulsive point sink at a pumping 
strength Q in which the fluid and solid are treated as 
compressible constituents. 
 
 

 
Figure 1. Impulsive point sink induced consolidation 
deformation problem. 
 
 
2.2 Boundary Conditions and Initial Conditions 
 
Consider the half space surface as a traction-free 
boundary for all times 0t .  Hence, the mechanical 
boundary conditions at 0z  are expressed as 
 

 ,0, 0rz r t   and  , 0, 0zz r t  .                              (9a) 
 

An additional condition is provided by considering 
the half space as pervious.  The mathematical statement of 
the hydraulic boundary condition at 0z  is given by 
 

 ,0, 0p r t  .                                                                (9b) 
 

The boundary conditions at the far boundary z  
due to the effect of an impulsive point sink must vanish at 
any time.  This can be written as 
 

        lim , , , , , , , , 0,0,0r zz
u r z t u r z t p r z t


 .           (9c) 

 

Assuming no initial changes in displacements and 
seepage of the aquifer, then the initial conditions at time 

0t   of the mathematical model are: 
 

 , ,0 0ru r z   ,  , ,0 0zu r z    and  , ,0 0p r z   .  (10) 
 

 The mathematical model in this study is based on the 
governing equations (8a) to (8c), the corresponding 
boundary conditions (9a) to (9c) and initial conditions 
(10). 
 
 

3. Analytic Solutions 
 
3.1 Laplace and Hankel Transforms Solutions 
 
Applying initial conditions in equation (10), the 
governing partial differential equations (8a) to (8c) are 
reduced to ordinary differential equations by performing 
Laplace-Hankel transforms [20] with respect to the time 
variable t  and the radial coordinate r , respectively: 
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where   and s  are Hankel and Laplace transform 

parameters.  The symbols    1 1 2      and ru , zu , 

p  are defined as 
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in which  aJ x  represents the first kind of Bessel 

function of order a .  The Laplace-Hankel inversions of 
equations (12a) to (12c) are: 
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 The general solutions of equations (11a) to (11c) are 
obtained as 
 

     1 2; ,ru z s C exp z C z exp z     

   3 4C exp z C z exp z      
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where the parameter 
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 and 

the constants  1, 2, , 6iC i    are functions of the 

transformed variables   and s .  These variables are 

determined from the transformed boundary conditions.  
The upper and lower signs in equation (14b) are for the 
conditions of   0z h   and   0z h  , respectively. 

  The constitutive relations (1) and linear kinematic 
equation (2) for axisymmetric deformation, i.e., 

,r
rr

u

r






 ru

r   and ,z
zz
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 are used to 

reformulate the half space boundary conditions in 
equation (9a).  After doing so, the Laplace-Hankel 
transforms are applied to (9a) to (9c) with respect to the 
time variable t  and radial coordinate ,r  respectively.  
The mechanical and hydraulic boundary conditions at 

0z   and z   of the transformed domains  ; ,z s  

are derived as follows: 
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where ru , zu  and p  follow the definitions shown in 

equations (12a) to (12c).  The symbol    1 1 2     . 

  The constants  1, 2, , 6iC i    of the general 

solutions are determined by the transformed half space 
boundary conditions at 0z   and z   as shown in 
equations (15a) to (15d).  Finally, the desired quantities 

ru , zu  and p  are obtained by applying appropriate 

inverse Laplace-Hankel transformations [21,22]. 
 The focus of the study is on the ground surface 
horizontal displacement  ,0,ru r t , settlement  ,0,zu r t  

and excess pore fluid pressure  , ,p r z t  of the strata due 

to a point sink.  The transformed ground surface 
displacements and excess pore fluid pressure of the strata 
are derived from equations (14a) to (14c) with the 
transformed boundary conditions (15a) to (15d), and they 
are obtained as follows: 
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 Applying the Laplace-Hankel inversion formulae (13a) 
to (13c), equations (16a) to (16c) lead to the following 
transient ground surface displacements by letting z = 0 
and the excess pore fluid pressure of strata as below: 
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where  I x  is known as the modified Bessel function of 

the first kind of order  ; and  erf x  denotes error 

function.  The instantaneous ground surface horizontal 
and vertical displacements of the pervious half space at 

0t   are obtained from equations (17a) and (17b) as 
following: 
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The maximum ground surface horizontal 

displacement r maxu  and vertical displacement z maxu  of the 

half space due to an impulsive point sink are derived from 

equations (18a) and (18b) by letting 2 0.707r h h   

and 0r  , respectively,  as below: 
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in which the critical value 2r h is derived when 

 , 0,0rdu r dr  is set equal to zero.  Hence, the absolute 

value of the displacement ratio r max z maxu u  can be derived 

from equations (19a) and (19b) as below: 
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The above result shows the maximum ground surface 
horizontal displacement is around 38.5% of the maximum 
vertical displacement for the pervious ground surface due 
to an impulsive point sink.  Hou et al. [16] shown that 
ground horizontal displacement occurred when pumping 
from an aquifer. 
 
 
4. Numerical results 
 

The particular interest is the vertical displacement of 
stratum at each stage of the consolidation process, and the 
average consolidation ratio U is defined as: 
 

Ground surface vertical displacement at time

 Maximum vertical displacement, z max

t
U

u  
 .   (21) 

 

For pervious half space, U can be derived as below: 
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Figure 2 shows the average consolidation ratio U  at 
r h  0, 1, 2 and 5 for the impulsive pumping.  Note that 

U  initially decreases rapidly, and then the rate of vertical 
displacement reduces gradually.  Each final value of U  
vanished for the saturated aquifer is treated as linear 
elastic porous medium in this mathematical model. 
 
 

 

Figure 2. Average consolidation ratio U  at r h  = 0, 1, 2 

and 5 for impulsive pumping. 
 
 

 

Figure 3. Normalized vertical displacement profile at the 
ground surface 0z  for impulsive pumping. 
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Figure 4. Normalized horizontal displacement profile at 
the ground surface 0z  for impulsive pumping. 
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Figure 5. Distribution of normalized excess pore water 

pressures   1.5 3, , 8fp r z t cQ kh    . 

 
 

The profiles of normalized vertical and horizontal 
displacements at the ground surface 0z  are shown in 
Figures 3 and 4, respectively.  The results shown in 
Figures 3 and 4 indicate that the ground surface 
displacements due to impulsive pumping can reach its 
extreme values initially, and then the displacements 
decreases gradually.  Figure 4 shows that the ground 
surface has significant horizontal displacement, and the 
maximum ground surface horizontal displacement is 
around 38.5% of the maximum vertical displacement at 

0.707r h   for the impulsive pumping. 
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From equation (17c), the profiles of normalized 

excess pore water pressure   1.5 3, , 8fp r z t cQ kh     of 

the pervious half space at four different dimensionless 

time factors 2ct h   0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 

0.9, 1.0, 1.1 and 1.2 are illustrated in Figures 5(a)-(l), 
respectively.  The changes in excess pore water pressure 
have negative value p  which is caused by suction of 

groundwater withdrawal.  It’s observed that the negative 
excess pore water pressure increases to a wider region of 
the aquifer initially and then gradually decreased.  The 
impulsive pumping induced negative excess pore water 
pressure finally full dissipated.  The elastic deformations 
of the stratum due to groundwater extraction will fully 
recover after the excess pore water pressure dissipated. 
 
 
5.  Conclusions 
 
Closed-form solutions of the axisymmetric elastic 
consolidation due to impulsive pumping from pervious 
saturated elastic half space were obtained by using 
Laplace and Hankel transformations.  Ground surface 
displacements and excess pore water pressure of the 
aquifer were investigated.  The results show: 
1. The ground surface displacements due to impulsive 

pumping reach its extreme values initially, and then 
the displacements decrease gradually in this model.  
Each final value of displacements vanished for the 
saturated aquifer is treated as linear elastic porous 
medium. 

2. It is observed that the negative excess pore water 
pressure increases to a wider region of the aquifer 
initially and then gradually decreased.  The impulsive 
pumping induced negative excess pore water pressure 
finally full dissipated. 

3. The maximum ground surface horizontal displacement 
is around 38.5% of the maximum vertical 
displacement of the pervious half space at 

2 0.707r h h  .  It concludes that horizontal 

displacement must be properly considered for better 
prediction of the transient consolidation deformations 
induced by groundwater withdrawal. 
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Nomenclature 
 

ib  Body forces (Pa/m) 

B  Skempton’s pore pressure coefficient 
(Dimensionless) 

c  Parameter, 
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u

u u f

GB k
c

 
   

 


 
 

(m2/s) 

 erf x  Error function (Dimensionless) 

G  Shear modulus of the isotropic porous aquifer
(N/m2) 

h  Impulsive pumping depth of the sink point 
(m) 

 aI x  Modified Bessel function of the first kind of 
order a  (Dimensionless) 

 aJ x  Bessel function of the first kind of order a  
(Dimensionless) 

k  Permeability of the isotropic porous aquifer 
(m/s) 

p  Excess pore water pressure (N/m2) 
p  Laplace-Hankel transforms of p  (Ns) 

q  Rate of fluid extracted from the saturated 
porous aquifer per unit volume (s) 

Q  Impulsive pumping strength of the point sink 
(m3) 

 , ,r z  Cylindrical coordinates system (m, radian, m)

s Laplace transform parameter (s-1) 
t Time variable (s) 

iu  Displacement components of the poroelastic 
aquifer (m) 

,r zu u  Radial/axial displacement of the porous 
aquifer (m) 

,r zu u  Laplace-Hankel transforms of r zu u  (m3s) 

maxru  Maximum ground surface horizontal 
displacement (m) 

maxzu  Maximum ground surface settlement (m) 

iv  Specific discharge velocity components (m/s)
  Biot’s coefficient of effective stress 

(Dimensionless) 

f  Unit weight of pore fluid (N/m3) 

 x  Dirac delta function (m-1) 

ij  Kronecker delta (Dimensionless) 

 Volume strain of the porous aquifer 
(Dimensionless) 

ij  Strain components of the poroelastic medium 
(Dimensionless) 

  Variation of fluid content per unit reference 
volume (Dimensionless) 

  Mechanical parameter,    1 1 2      

(Dimensionless) 
  Poisson’s ratio of the isotropic porous strata 

(Dimensionless) 

u  Undrained Poisson’s ratio of the poroelastic 
medium (Dimensionless) 

 Hankel transform parameter (m-1) 

ij  Stress components of the porous strata (N/m2)
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ABSTRACT 
The investigation presents closed-form solutions of the 
long-term consolidation settlement and excess pore fluid 
pressure of a saturated elastic aquifer subjected to a fluid 
line sink.  The governing equations of the mathematical 
model are based on the Biot’s theory of poroelasticity.  
The aquifer is modeled as a homogeneous elastic half 
space of porous medium, and the total stresses of the 
aquifer obey Newton’s second law and Hooke’s law.  
Besides, the mass conservation and Darcy’s law are 
introduced to formulate the governing equations of pore 
fluid flow.  The software Mathematica is used to complete 
the symbolic calculations, and the closed-form solutions 
are derived. 
 
KEY WORDS 
Fluid Line Sink, Closed-form Solution, Half Space, 
Porous Medium. 
 
 
1. Introduction 
 
Groundwater withdrawal can induce land subsidence [1].  
The stratum compact on itself when groundwater is 
withdrawn from the saturated aquifer of the strata.  The 
pore water pressure is reduced in the withdrawal region as 
water pumped from an aquifer.  It leads to increase in 
effective stress between the solid skeleton and thus the 
subsidence of ground surface occurred. 
 Biot’s coupled three-dimensional consolidation 
theory [2,3] is generally regarded as the fundamental 
theory for modelling consolidation settlement.  The 
approach followed Rice and Cleary [4] who provided an 
elegant formulation of Biot’s theory in terms of easily 
identifiable quantities and material constants.  Bear and 
Corapcioglu [5,6] presented the modified Biot’s equations 
where the pore fluid was treated as compressible and the 
solid skeleton was assumed incompressible.  Based on 
Biot’s theory modified by Bear and Corapcioglu [5,6], 
Booker and Carter [7-10], Tarn and Lu [11] presented 
solutions of subsidence by a point sink embedded in the 
saturated elastic half space at a constant rate.  Chen 
[12,13], Kanok-Nukulchai and Chau [14] presented 
analytic solutions for the steady-state responses of 

displacements and stresses in a porous half space subject 
to a fluid point sink.  Lu and Lin [15,16] displayed 
transient displacements of the pervious half space due to 
steady pumping rate [15] and impulsive pumping [16].  
Hou et al. [17] presented that the ground horizontal 
displacement occurred as groundwater withdrawn from an 
aquifer.  
 The present investigation is focused on the closed-
form solutions of an isotropic poroelastic half space due 
to a fluid line sink which still have not been derived in 
previous studies.  In this study, the aquifer is modelled as 
a linearly elastic medium with homogeneous isotropic 
properties.  
 Based on the derived fundamental solutions, the 
software Mathematica is used to complete the symbolic 
calculations and obtain the closed-form solutions for the 
aquifer subjected to a fluid line sink.  The solutions can be 
used to develop numerical models and the detailed 
numerical simulations of the consolidation settlement near 
the fluid line sink. 
 
 
2. Modelling of Poroelastic Point Sink 

Problem 
 
2.1 Basic Governing Equations 
 
The formulation of Biot’s equations follows that of Rice 
and Cleary [4] who provided an easily identifiable 
quantities and material constants.  According to Rice and 
Cleary [4], the reformulated constitutive relations are 
expressed as [19]: 
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in which ,ij  p and ij  are the total stress components, 

excess pore fluid pressure and solid strain components of 
the poroelastic media, respectively.  Note that positive ij  
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and p represent tension.  The parameter   is variation of 

fluid content per unit reference volume of the aquifer.  
The volumetric strain of the skeletal material is denoted 
by   and 11 22 33      ; ij  is the Kronecker delta.  

Four basic material constants are selected in the 
constitutive equations (1a) and (1b) including the shear 
modulus ,G  the drained Poisson’s ratio ,  the undrained 

Poisson’s ratio u  and Skempton’s pore pressure 

coefficient B  [18].  The physical ranges of material 
constants B  and u  are 0 1B   and 1

20 u     [4], 

respectively.  For the situation of incompressible 
constituents, the poroelastic coefficients 1B   and 

1
2u  .   

The inversions of equations (1a) and (1b) are shown 
as the form: 
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The solid strain components ij  and displacement 

components iu  are governed by the linear kinematic 

equation:  
 

 1
, ,2ij i j j iu u   .                                                           (2) 

 
The total stress components ij  must satisfy the 

equilibrium equations:  
 

, 0ij j ib   ,                                                                   (3) 

 
where ib  denote the body force components.  The mass 

balance for the fluid phase is denoted by: 
 

, 0i iv q
t


  


,                                                             (4) 

 
in which iv  is the specific discharge velocity components;  

the quantity q  is the rate of fluid extracted from the 

saturated porous aquifer per unit volume by the sink.  The 
pore fluid flow is governed by Darcy’s law as below: 
 

,i i
f

k
v p


  ,                                                                 (5) 

 
in which k  and f denotes the permeability of the porous 

aquifer and the unit weight of pore fluid, respectively. 
The governing equations (1) to (5) are combined to 

derive various field equations for their corresponding 
solutions of boundary value problems.  The equilibrium 

equation (3) and mass balance equation (4) are expressed 
in terms of displacement components iu  and excess pore 

fluid pressure p  by substituting (1a) into (3), (1b*) and (5) 

into (4) as below [20]:  
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where   is known as Biot’s coefficient of effective stress 
which can be defined as 
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The above mathematical model is known as coupled 

model of poroelasticity where the flow field is dependent 
on the displacement field.  The long-term consolidation 
settlement model is preferred in this investigation, and the 
time dependent differentiation terms in equation (6b) are 
neglected.  

Figure 1 presents a fluid point sink buried in a 
saturated porous elastic half space at a depth d.  The 
constant pumping strength is denoted as Q  at the location 

 d,0 .  Introducing the equilibrium equations for 

axisymmetric poroelasticity model with a vertical axis of 
symmetry and neglect the effects of body forces ib , the 

equation (6a) are transformed to equations (8a) and (8b).  
Moreover, the mass balance equation (6b) are expressed 
as (8c) by assuming the long-term consolidation 
settlement.  After doing so, the governing equations in 
axially symmetric coordinates  ,r z  are derived in terms 

of displacements  ,iu i r z  and excess pore fluid 

pressure p as following:  
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where the differential operator 
2 2

2
2 2

1

r rr z

  
   

 
 

and solid strain components r r zu u u

r r z


 
  

 
;  x  is 

the Dirac delta function.  Equations (8a) to (8c) are the 
basic field equations of long-term consolidation 
settlement with a point sink at a constant pumping rate, in 
which the fluid and solid are treated as compressible 
constituents. 
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Figure 1.  Fluid point sink problem. 

 
2.2 Boundary Conditions 
 
The ground surface of the half space is treated as a 
pervious and traction-free boundary for all times 0t  .  
Therefore, the mathematical statements of the ground 
surface boundary 0z   in axisymmetric coordinates 

 ,r z  are: 

 

 , 0 0rz r  ,  ,0 0zz r  , and  ,0 0p r  .             (9a) 

 
The displacements and excess pore fluid pressure at 

the remote boundary z   due to the effect of a point 
sink must be nil at any time.  These conditions are written 
as 
 

        lim , , , , , 0,0,0r z
z

u r z u r z p r z


 .                  (9b) 

 
This mathematical model is based on the governing 

equations (8a)-(8c) and the corresponding boundary 
conditions (9a)-(9b).  
 
2.3 Fundamental Solutions 
 
Applying Hankel integral transformation [21] with respect 
to the variable r, the closed-form analytic fundamental 
solutions of the long-term responses of ground 
deformations and excess pore water pressure of the elastic 
aquifer due to a point sink in an isotropic half space are 
obtained as follows [11]: 
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where  22
1

~
dzrR  ,  22

2

~
dzrR   and 

  dzdzrR  22*
2

~
.  The equations (10a)-(10c) 

are the fundamental solutions of the poroelastic half space 
due to a fluid point sink. 
 
 
3. Closed-form Solution Due to a Fluid Line 

Sink 
 

s

L

z

r

Saturated Poroelastic
Half Space

Line Sink

Pervious Surface

h

 
Figure 2.  Fluid line sink problem. 

 
 

Figure 2 displays the fluid line sink model.  The 
closed-form solutions of the horizontal displacement 

 ,ru r z , vertical displacement  ,zu r z  and excess pore 

fluid pressure  ,p r z  due to a fluid line sink are derived 

from equations (10a)-(10c).   
 
 

Let the length ds located at a depth s from the ground 
surface and considering q is the pumping strength per unit 
length.  The pumping strength of this unit length is qds  

and it is approximated as a fluid point sink.  The 
increment of displacements ru , zu  and excess pore fluid 

pressure p  due to the elementary fluid line sink are 

obtained by substituting s for d and qds for Q  in 

equations (10a)-(10c).  Thus, the induced total increment 
of displacements and excess pore fluid pressure of the 
aquifer are determined by the integration with depth limits 
of Lhs   to hs  .  Using Mathematica to complete 
the symbolic calculations, the closed-form solutions are 
given as below:  
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in which     211  ; 22 irRi  , 

iRR ii * , and LhzLhzhzhzzi  ,,,, .  

The maximum settlement can be found from equation 
(11b) by letting L = h: 
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4. Numerical Results 
 
The normalized parameter of fluid line sink is used to 
verify the proposed solutions.  The profile of settlement at 
the ground surface 0z   is normalized by the maximum 

settlement 
ఊሺଵିଶఔሻ

ସగீ
 as shown in Figure 3.  The results 

shown in Figure 3 indicate that the higher normalized 
parameter L/h can induce larger settlement on the ground 
surface.  Figure 3 also concluded that the elastic ground 
surface deformations due to a fluid line sink reached their 
extreme values near r equals 0.  At distance away from 
the line sink, the displacements reduced at remote ground 
surface boundary. 
 
 

 
Figure 3.  Normalized settlement profile at the ground 
surface z = 0 due to fluid line sink. 
 
 
CONCLUSION 
 
Based on the fundamental solutions due to a fluid point 
sink, the closed-form solutions of long-term horizontal 
displacement, vertical displacement and excess pore fluid 
pressure of a poroelastic half space subject to a fluid line 
sink were obtained.  The solutions are derived by using 
Mathematica to complete the symbolic calculations.  The 
solutions provide valuable information to test numerical 
models and simulations of the groundwater withdrawal 
processes near the fluid line sink.  The results show: 
1. The numerical results indicate that the larger 

normalized fluid line sink L/h can induce larger 
displacements of the ground surface. 

2. The long-term poroelastic ground surface 
deformations due to a fluid line sink reached their 
extreme values near the fluid line sink, and the values 
reduced at remote ground surface boundary. 
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Nomenclature 
 

ib  Body forces (Pa/m) 

B  Skempton’s pore pressure coefficient 
(Dimensionless) 

d Pumping depth of the sink point (m) 
ds Elementary legth of the fluid line sink (m) 
G  Shear modulus of the isotropic porous aquifer 

(N/m2) 
h Pumping depth of the line sink (m) 
k  Permeability of the isotropic porous aquifer 

(m/s) 
p Excess pore water pressure (N/m2) 
q Rate of fluid extracted from the saturated 

porous aquifer per unit length (m2/s) 
Q  Pumping strength of the point sink (m3/s) 

 , ,r z Cylindrical coordinates system (m, radian, m)

iR  Distance parameter, 22 irRi   (m) 

1R  Distance parameter,  22
1

~
dzrR   (m)
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2R  Distance parameter,  22
2

~
dzrR   (m)

*
iR  Distance parameter, iRR ii *  (m) 
*
2R  Distance parameter, 

  dzdzrR  22*
2

~
 (m) 

s Depth of the fluid line sink (m) 
t  Time variable (s) 

iu  Displacement components of the poroelastic 
aquifer (m) 

,r zu u  Radial/axial displacement of the porous 
aquifer (m) 

iv  Specific discharge velocity components (m/s)
  Biot’s coefficient of effective stress 

(Dimensionless) 

f  Unit weight of pore fluid (N/m3) 

 x  Dirac delta function (m-1) 

ij  Kronecker delta (Dimensionless) 
  Volume strain of the porous aquifer 

(Dimensionless) 

ij  Strain components of the poroelastic medium 
(Dimensionless) 

  Variation of fluid content per unit reference 
volume (Dimensionless) 

  Poisson’s ratio of the isotropic porous strata 
(Dimensionless) 

u  Undrained Poisson’s ratio of the poroelastic 
medium (Dimensionless) 

ij  Stress components of the porous strata (N/m2)

2  Differential operator, 
2 2

2
2 2

1

r rr z
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ABSTRACT 
This paper presents the ground surface displacements 
induced by periodic groundwater withdrawal in a 
homogeneous isotropic poroelastic half space.  The 
formulation of the mathematical model is based on Biot’s 
consolidation theory of porous media.  Using Laplace-
Hankel integral transforms, the closed-form solutions of 
the transient consolidation deformations are derived.  The 
solutions can be used to evaluate numerical models and 
numerical simulations of the poroelastic consolidation of 
a saturated porous aquifer due to periodic groundwater 
withdrawal. 
 
KEY WORDS 
Periodic Pumping, Point Sink, Closed-form Solution, Half 
Space 
 
 
1.  Introduction 
 
Land subsidence due to groundwater withdrawal is a well-
known phenomenon in environmental engineering [1].  
The pore water pressure is reduced in the withdrawal 
region as groundwater pumped from an aquifer.  It leads 
to increase in the effective stress between the soil 
particles and consolidation settlement of ground surface. 

The three-dimensional consolidation theory 
presented by Biot [2,3] is generally regarded as the 
fundamental theory for modelling land subsidence.  Based 
on Biot’s theory, Booker and Carter [4-7], Chen [8,9], 
Kanok-Nukulchai and Chau [10] presented analytical 
solutions for the transient or steady-state responses of 
displacements and stresses in a half space subjected to a 
point sink of constant pumping rate.  Tarn and Lu [11] 
presented solutions of subsidence by a point sink 
embedded in a saturated poroelastic half space.  The 
pumping rate is treated as constant in the studies of 
Booker and Carter [4-7], Chen [8,9], Kanok-Nukulchai 
and Chau [10], Tarn and Lu [11], etc.  Tarn and Lu [11] 
found that groundwater withdrawal from an impervious 
half space can induce a larger amount of consolidation 

settlement than a pervious one.  The anisotropic 
permeability was proved to have significant effects on the 
land subsidence due to fluid extraction.  Lu and Lin [12-
14] displayed transient displacements of the pervious half 
space due to steady pumping rate [12,13] and impulsive 
pumping [14].  Nevertheless, both transient closed-form 
solutions of the consolidation settlement due to periodic 
pumping and the consolidation effects due to periodic 
pumping were not obtained in the above studies. 

In this paper, the aquifer is modeled as an isotropic 
saturated pervious elastic half space.  Transient ground 
surface displacements due to a periodic point sink are 
obtained by using Laplace-Hankel transforms.  Results 
are useful to evaluate numerical models and numerical 
simulations of the poroelastic consolidation of a saturated 
porous aquifer due to periodic groundwater withdrawal. 
 
 
2.  Mathematical Model 
 
2.1 Basic Equations 
 
Figure 1 presents a saturated aquifer due to a periodic 
point sink at a depth h .  The aquifer is considered as a 
homogeneous isotropic porous medium with a vertical 
axis of symmetry.  The constitutive behaviours of the 
saturated elastic aquifer for linear axisymmetric 
deformation in the cylindrical coordinates  zr ,,  are 

expressed as 
 

2
2

1 2ij ij ij ij

G
G p

   


  


,                                       (1) 

 
where ij , ij  and   denote the incremental total stress 

components, strain components and volumetric strain of 
the porous aquifer, respectively.  The symbol ij  is 

known as Kronecker delta.  The excess pore water 
pressure p  is positive for compression.  The elastic 

constants   and G  are Poisson’s ratio and shear modulus 
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of the skeletal materials, respectively.  The strains ij  and 

displacement components iu  are given by the linear law 

 ijjiij uu ,,2
1  . 

 
 

 

Figure 1.  Periodic point sink induced consolidation 
deformation problem. 
 
 

The total stress components ij  satisfy the 

equilibrium equations: 
 

, 0ij j ib   ,                                                                   (2) 

 
where ib  denote the components of body force vector.  

From equation (1) and strain-displacement relationships 
 ijjiij uu ,,2

1  , the equilibrium equation (2) for 

axially symmetric problem without body forces ib  can be 

expressed in terms of displacements iu  and excess pore 

water pressure p  in cylindrical coordinates  zr ,,  as 

follows: 
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,                          (3a) 
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,                                       (3b) 

 

where 22222 1 zrrr   is known as the 

Laplacian operator. 
The model is decoupled with the flow field sought 

independently from the displacement field.  The third 
relation between ru , zu  and p  is obtained from the 

conservation of mass as: 
 

  0w s

p
n n q

t
 

        
v v ,                                   (4) 

 

where n  is the porosity of the porous aquifer.  The 
variables wv  and sv  are velocities of pore water and solid 

matrix, respectively.  The symbol   denotes the 

compressibility of pore water, and q  is the rate of water 

extracted from the saturated porous aquifer per unit 
volume.  Assuming that Darcy’s law governs the pore 
water flow, we have 
 

  














 zr
w

sw z

p

r

pk
n iivv


,                                 (5) 

 
in which k  denotes the permeability of the saturated 
aquifer and w  is the unit weight of pore water. 

Let us consider a periodic point sink of constant 
strength 0Q  as 0t   located at point  h,0 .  Substituting 

(5) into (4) yields 
 

     2 0 0
2w

Qk p
p n r z h f t

t r
  

 


     


,          (6) 

 

in which the symbol  x  denotes the Dirac delta 

function.  The pumping rate is represented by a periodic 
function  f t  as shown in Figure 2, and  f t  is 

expressed as below: 
 

 
1, 0

0,
d

d

t T
f t

T t T

 
   

 and    f t T f t  , 0t  ,   (7) 

 
where the pumping period T is reasonable to be assumed 
as 24 hours for daily agricultural irrigation.  The symbol 

dT  is the duration of groundwater withdrawal in one 

period T.   
 

 
Figure 2.  The pumping rate is represented by a periodic 
function  f t  with pumping period T. 

 
Equations (3a), (3b) and (6) constitute the basic 

governing equations of the axially symmetric time-
dependent linear elastic responses of a saturated porous 
aquifer subjected to periodic pumping. 
 
2.2 Boundary Conditions and Initial Conditions 
 
Considering the half space surface as a traction-free 
boundary for all times 0t , the mechanical boundary 
conditions at 0z  are expressed as 
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 ,0, 0rz r t   and  ,0, 0zz r t  .                              (8a) 
 

An additional condition is provided by considering 
the half space as permeable.  The mathematical statement 
of the hydraulic boundary condition at 0z  is given as 
 

 ,0, 0p r t  .                                                               (8b) 
 

The boundary conditions at the remote boundary 
z  due to the effect of a periodic point sink must 

vanish at any time.  These boundary conditions are 
written as 
 

        lim , , , , , , , , 0,0,0r z
z

u r z t u r z t p r z t


 .           (8c) 

 

Assuming no initial changes in displacements and 

seepage of the aquifer, the initial conditions at time 0t   
of the mathematical model are: 
 

 , ,0 0ru r z   ,  , ,0 0zu r z    and  , ,0 0p r z   .   (9) 

 
 
3.  Analytic Solutions 
 
3.1 Laplace-Hankel Transforms Solutions 
 
The initial conditions of equation (9), the governing 
equations (3a), (3b) and (6) are reduced to a set of 
ordinary differential equations by performing appropriate 
Laplace-Hankel transforms [15] with respect to the time 
variable t and the radial coordinate r as below: 
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dud
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dz Gdz
   

 
     

 


  ,           (10a) 
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 ,          (10b) 
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  ,   (10c) 

 

where   and s  are the Hankel and Laplace transform 

parameters, respectively.  The symbol   is defined as 

    211  .  Expressions for ru~ , zu~ , p~  and 

 F s  are denoted as: 
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   ,          (11a) 
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   ,         (11b) 
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   ,            (11c) 
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s e


 





 

  ,    (11d) 

 

in which  J x  represents the first kind of Bessel 

function of order  . 
The general solutions of equations (10a) to (10c) are 

obtained as below: 
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,      (12c) 

 

where the symbol c is defined as wnkc  .  The 

constants  1, 2, , 6iA i    are functions of the 

transformed variables   and s  which are determined 

from the transformed mechanical and hydraulic boundary 
conditions.  The upper and lower signs in equation (12b) 
are for the conditions of   0 hz  and   0 hz , 

respectively. 
 
3.2 Transformed Boundary Conditions 
 
The Laplace-Hankel transforms are applied to equations 
(8a)-(8c), and the transformed mechanical and hydraulic 
boundary conditions at 0z   and z  are listed 
below: 
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0; , 1 0z

r

du s
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 ,                  (13b) 

 0; , 0p s  ,                                                          (13c) 

        lim ; , , ; , , ; , 0,0,0r z
z

u z s u z s p z s  


   ,      (13d) 

 

where ru~ , zu~  and p~  follow the definitions of equations 

(11a) to (11c). 
The constants  1, 2, , 6iA i    of the general 

solutions are determined by the transformed half space 
boundary conditions at 0z  and the remote boundary 
conditions at z .  Finally, the desired quantities ru , 

zu  and p  are obtained by applying appropriate inverse 

Laplace-Hankel transformations with the help of a 
mathematical handbook [16]. 
 
3.3 Expressions for Ground Surface Displacements  
 
The focus of this study is on the horizontal and vertical 
displacements of the ground surface, 0z , due to a 
periodic point sink.  The transformed ground surface 
displacements  0; ,ru s  and  0; ,zu s  of the pervious 

half space are derived from equations (12a) and (12b) as 
follows: 
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.                                   (14b) 

 

Applying the Laplace-Hankel inversion formulae 
lead to the following displacements: 
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     (15b) 

 

Using equations (15a)-(15b), the desired transient 
horizontal displacement  trur ,0,  and vertical 

displacement  truz ,0,  of the pervious ground surface due 

to a periodic point sink can be derived from equations 
(14a)-(14b) as follows: 
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where  I x  is known as the modified Bessel function of 

the first kind of order  .  The complementary error 

function is denoted as  erfc x .  The functions  ct  

and  ct  in equations (16a) and (16b) are defined as 

below: 
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in which    d t dt t   .  Solutions of consolidation 

deformations due to groundwater withdrawal at a constant 
strength are derived from equations (16a) and (16b) by 
taking an appropriate limit dT T  and using L’Hospital’s 

rule.  Carrying out the procedure, we obtain 
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where  erf x  is known as the error function and 

   1erf x erfc x  . 

The long-term ground surface horizontal and vertical 
displacements are found when t .  Let 

 lim ,0,r r
t

u u r t


  and  lim ,0,z z

t
u u r t


 , then we have 

the closed-form solutions of long-term ground surface 
displacements. 
 
For periodic pumping: 
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For pumping at a constant strength: 
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The maximum long-term ground surface horizontal 

displacement and vertical displacement of the half space 
due to a point fluid sink at a constant strength are derived 
from equations (20a) and (20b) by letting 

1.272r h h   and 0r  , respectively.  Here, 

(1 5) 2 1.618     is known as the golden ratio 

[17,18].  For the point fluid sink at a constant strength 
problem, the maximum horizontal displacement maxru  

and vertical displacement maxzu  of the ground surface 

derived from equations (20a) and (20b) are  
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The maximum ground surface horizontal displacement is 
approximately 30% of the maximum ground surface 
vertical displacement, i.e., 
 

max

2.5
max

1
0.3003r

z

u

u 
   at r h .                             (22) 

 

The value r h  is derived when  ,0,rdu r dr  is 

equal to zero.  It is noticed from equations (21a) and (21b) 
that the maximum long-term ground surface horizontal 
displacement and settlement for pumping at a constant 
strength is not directly dependent on the pumping depth h 
of the point sink.  
 
 
4.  Numerical Results 
 
The long-term elastic consolidation subjected to pumping 
at a constant strength is numerically analyzed.  The 
profiles of normalized horizontal and vertical 
displacements at the ground surface 0z  for isotropic 
saturated half space are shown in Figures 3 and 4, 
respectively.  The ground surface reveals significant 
horizontal displacement.  The example in Figure 3 shows 
that the maximum ground surface horizontal displacement 
is about 30% of the maximum ground settlement at 

1.272r h h  .   

 
 

 
 
Figure 3.  Normalized horizontal displacement profile at 
the ground surface z = 0 for pumping at a constant 
strength. 
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Figure 4 shows that the ground surface vertical 
displacement is around 61.8% of the maximum ground 

surface vertical displacement at radial variable r h , 

where the maximum ground surface horizontal 
displacement occurred.  
 
 

 
 
Figure 4.  Normalized settlement profile at the ground 
surface z = 0 for pumping at a constant strength. 
 
 
5.  Conclusions 
 
Closed-form solutions of the elastic consolidation due to 
periodic pumping from pervious saturated elastic half 
space were obtained by using Laplace-Hankel 
transformations.  Transient ground surface horizontal 
displacement and settlement of the half space aquifer 
were investigated.  The solutions can be used to evaluate 
numerical models and numerical simulations of the elastic 
consolidation settlement near the sink point.  The results 
show: 
1. The maximum long-term ground surface horizontal 

displacement and vertical displacement of the half 
space due to a point fluid sink at a constant strength are 
derived from equations (20a) and (20b) by letting 

1.272r h h   and 0r  , respectively. 

2. It is noticed from equations (21a) and (21b) that the 
maximum long-term ground surface horizontal 
displacement and settlement are independent on the 
pumping depth h of the point sink at a constant 
strength for the isotropic elastic half space. 
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Nomenclature 
 

ib  Body forces (Pa/m) 

c  Parameter, wnkc  (m2/s) 

 erf x  Error function (Dimensionless) 

 erfc x  Complementary error function 
(Dimensionless) 

 f t  Periodic function (Dimensionless) 

 F s  Laplace-Hankel transforms of  f t  (m2s)

G  Shear modulus of the isotropic porous 
aquifer (N/m2) 

h  Depth of the periodic sink point (m) 
,r zi i  Unit vector in r/z direction 

(Dimensionless) 

 I x  Modified Bessel function of  the first kind 
of order   (Dimensionless) 

 J x  Bessel function of  the first kind of order 
  (Dimensionless) 

k  Permeability of the isotropic porous 
aquifer (m/s) 

n  Porosity of the porous aquifer 
(Dimensionless) 

p  Excess pore water pressure (N/m2) 

p  Laplace-Hankel transforms of p  (Ns) 

q Rate of water extracted from the saturated 
porous aquifer per unit volume (1/s) 

0Q  Strength of the periodic pumping (m3/s) 

 , ,r z  Cylindrical coordinates system (m, radian, 
m) 

s Laplace transform parameter (s-1) 
t Time variable (s) 
T Pumping period (s) 

dT  Duration of groundwater withdrawal in one 
period T (s) 

,r zu u  Radial/axial displacement of the porous 
aquifer (m) 

,r zu u  Laplace-Hankel transforms of r zu u  (m3s)

max max,r zu u Maximum long-term ground surface 
horizontal/vertical displacement (m) 

,r zu u   Long-term ground surface 
horizontal/vertical displacement (m) 

,w sv v Velocity of pore water/solid matrix (m/s) 

  Compressibility of pore water (m2/N) 

w  Unit weight of groundwater (N/m3) 

 x  Dirac delta function (m-1) 

ij  Kronecker delta (Dimensionless) 

 Volume strain of the porous aquifer 
(Dimensionless) 

ij  Strain components of the porous aquifer 
(Dimensionless) 

  Parameter,    1 1 2      

(Dimensionless) 
  Poisson’s ratio of the isotropic porous 

aquifer (Dimensionless) 
 Hankel transform parameter (m-1) 

ij  Total stress components of the porous 
aquifer (N/m2) 

  Golden ratio, 1.6180339887...   

(Dimensionless) 
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摘要 

 

本研究旨在探討單井抽水所引致的地表位移與地層超額孔隙水壓變化，係將含水

層模擬為均質等向且完全飽和之半無限域，並考慮地表邊界為完全透水與完全不透水

兩種情況，研討出穩態之軸對稱彈性壓密沉陷結果。所建立之基本方程式是以 Biot

三維壓密理論為基礎，再根據點抽水問題之基本解與符號運算軟體 Mathematica，推

導出線狀抽水所引致的軸對稱壓密沉陷之閉合解。在探討過程中，有考慮抽水深度、

取水長度、含水層柏松比、地表滲流邊界條件等的影響，用以推估單井抽水所可能引

致之地表水平位移量、垂直位移量及超額孔隙水壓變化量等，其中地表垂直位移即代

表沉陷量。本文之研究成果除可進一步了解單井抽水所引致之壓密沉陷行為外，在工

程應用上，所研討出之各項閉合解具有計算方法較簡單且計算速度較快之優點。另外，

因採用線彈性理論進行沉陷分析，故各種沉陷量之計算結果會偏向保守。 

以上所述各項影響因素皆對地層壓密沉陷行為有不同程度的重要影響，由研究結

果得知：(1)當含水層之柏松比較大時，含水層容易產生側向變形，故抽水所引致的

地表沉陷量會較大。(2)取水長度增加時，抽水量也會增加，故壓密沉陷量也跟著增

加。(3)當地表面模擬為不透水邊界時，抽水所引起之負的超額孔隙水壓較不容易消

散，含水層中之有效應力上升較多，故抽水所引起的地表沉陷會較大。(4)若考慮點

抽水與線狀抽水的抽水量相同，則所引起的最大沉陷量會相同，但於地表大多數位置

上，點抽水所引起的沉陷量會較大。(5)因單井抽水所引起的地表水平位移是一軸對

稱問題，故地表面在對稱點上之水平位移量應為零，又含水層遠處受抽水擾動的影響

很小，故地表遠處之水平位移量亦很小，因此抽水所引起的地表水平位移量會在水井

邊逐漸升高後逐步降低。 

 

關鍵詞：壓密沉陷、線狀抽水、點抽水、地下水、Mathematica。 
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符號說明 

 

sa     土壤中固體與固體接觸點面積總和[ m2]； 

A, M, N, Q, R, S Biot 所定義之多孔介質力學常數[kN/m2]； 

     土體的橫斷面積[ m2]； 

B Skempton 孔隙流體壓力常數，即圍壓變化引起的超額孔隙水壓變

化量/圍壓變化量[無因次]； 

E    含水層之楊氏模數[kN/m2]； 

݂    徹體力(Body Force)	[kN/m3]； 

݃    重力加速度[m/s2]； 

G    含水層之剪力模數(Shear Modulus)，G = ܧ 2ሺ1  ⁄ሻߥ 	[kN/m2]； 

݄    抽水深度[m]； 

i    水力梯度(Hydraulic Gradient) [無因次]； 

݇    含水層之滲透係數[m/s]； 

L    線狀抽水長度[m]； 

n    含水層之孔隙率[無因次]； 

 ；超額孔隙流體壓力(壓力為正) [kN/m2]    

 ；線狀抽水強度[m3/sm]；孔隙流體補注變率[1/s]    ݍ

ܳ    點抽水強度[m3/s]； 

ܴሺଵሻ    距離參數，ܴሺଵሻ=ඥݎଶ  ሺݖ െ ݄ሻଶ [m]； 

ܴሺଵሻ
∗     距離參數，ܴሺଵሻ

∗ =ඥݎଶ  ሺݖ െ ݄ሻଶ+|ݖ െ ݄| [m]； 

ܴሺሻ    距離參數，ܴሺሻ=ඥݎଶ  ሺݖ  ݄ሻଶ [m]； 

ܴሺሻ
∗     距離參數，ܴሺሻ

∗ =ඥݎଶ  ሺݖ  ݄ሻଶ  ݖ  ݄ [m]； 
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ܴ 距離參數，ܴ ൌ ଶݎ√  ݅ଶ，݅ ൌ ݖ、ݖ  ݖ、݄ െ ݖ、݄  ݄ െ ݖ、ܮ െ

݄   ；[m] ܮ

ܴ
∗ 距離參數，ܴ

∗ ൌ ܴ  ݅，݅ ൌ ݖ  ݖ、݄ െ ݖ、݄  ݄ െ ݖ、ܮ െ ݄ െ  ܮ

[m]； 

 ；水平距離座標變數[m]    ݎ

s    地表至線狀抽水上所選取之點抽水元素的距離[m]； 

t    時間變數[s]； 

	=,ݑ ，, 含水層之體積應變量ݑ
డ௨భ
డ௫భ

 డ௨మ
డ௫మ

 డ௨య
డ௫య

ൌ డ௨ೣ
డ௫


డ௨
డ௬

 డ௨
డ௭
	[無

因次]； 

 ；    含水層之水平位移[m]ݑ

 ；௭    含水層之垂直位移[m]ݑ

 ；௫   地表模擬為透水時點抽水所引致之最大地表沉陷量[m]	௭ݑ

 ；ሺୀሻ  地表模擬為透水時線狀抽水所引致之最大地表沉陷量[m]		௫	௭ݑ

 ；    孔隙流體之流速[m/s]ݒ

,റ௦ݒ  ；റ௪   固體土壤之運動速度與孔隙水之流速[m/s]ݒ

 ；垂直距離座標變數[m]    ݖ

希臘字母 

    Biot 所定義之多孔介質力學常數[kN/m2]； 

 ；孔隙水之壓縮係數[m2/kN]    ߚ

 ；    孔隙流體之單位重[kN/m3]ߛ

 ；௪= 9,810 [N/m3]ߛ，௪    孔隙水之單位重ߛ

    Kronecker deltaߜ 函數[無因次]； 

డ௨భ		=	ߝ，含水層之體積應變量    ߝ
డ௫భ

 డ௨మ
డ௫మ

 డ௨య
డ௫య

 [無因次]； 

ߝ，     含水層之應變量ߝ ൌ 	
ଵ

ଶ
ሺడ௨
డ௫ೕ


డ௨ೕ
డ௫
ሻ [無因次]； 
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 ；單位多孔介質體積內所增加之孔隙流體體積[無因次]    ߞ

ߟ，含水層之材料參數    ߟ ൌ ሺ1 െ ሻߥ ሺ1 െ ⁄ሻߥ2 	[無因次]； 

 ；單位多孔介質體積內所增加之孔隙流體體積[無因次]    ߠ

含水層之    ߣ Lame 常數，ߣ ൌ ߥܧ ሾሺ1  ሻሺ1ߥ െ ⁄ሻሿߥ2  [kN/m2]； 

 ；含水層之剪力模數[kN/m2]    ߤ

 ；含水層於排水情況下所測得之柏松比(Poisson Ratio) [無因次]    ߥ

 ；௨    含水層於不排水情況下所測得之柏松比[無因次]ߥ

,௦ߩ  ； ௪   固體土壤與孔隙水之密度[kg/m3]ߩ

     含水層之總應力， p  [kN/m2]； 

      含水層之有效應力[kN/m2]； 

߬    作用於含水層之總應力[kN/m2]； 

߶    黃金比例，߶ = 1.618… [無因次]。 
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第一章 緒論 

1.1 研究背景 

水為維繫所有生態體系運作之所需，地球上的水分布於各個角落：包括海洋、冰

川、河川、湖泊、地層及大氣中。而台灣位於西太平洋上，氣候以北迴歸線為界，以

北為副熱帶季風氣候、以南為熱帶季風氣候，雖然平均降雨量約為世界平均降雨量之

2.6 倍，但由於降雨集中在 5~10 月之豐水期，故每人分配平均降雨量只有世界平均值

的 1/6，因此地下水為解決用水問題的辦法之一，但由於大量使用並且管制成效不彰，

導致地層下陷問題日益嚴重。Terzaghi 的有效應力觀念可解釋地層下陷之機制，當地

下水因人為使用而被抽取出來時，原先由固體土壤與孔隙水共同承擔之荷重，會逐漸

移轉至固體土壤上，故造成壓密(Consolidation)現象，所造成的地表下陷情況稱為壓

密沉陷(Consolidation Settlement)。地層下陷的過程通常不易被發現，往往在排水設施

功能降低、地下管線受損及土地淹水時才被發現，所以有人稱其為沉默的土地危機。

台灣因工程上或是經濟上的因素過度抽取地下水且無適當的補注機制，已造成不少縣

市深「陷」危機，不只造成國土的流失，且對民生安全的影響甚鉅。例如根據欣傳媒

記者蕭介雲在 2012 年 4 月 19 日的報導指出，高鐵在虎尾車站特定區的下陷量已累積

達 57.2cm、高鐵與雲 158 線道交接處為 57.6cm、與 78 快速道路交接處達 69.4cm。 

 

1.2 研究動機與目的 

地層下陷為目前世界各國普遍遭遇的問題，而地層下陷之成因可從自然與人為兩

方面加以探討，過量抽取地下水乃是最嚴重的人為影響因素。地下水並非不可抽用，

在台灣地下水也是解決部分季節缺水危機的辦法之一，但如何適量的取用，才不會造

成無法挽回的後果是相當重要的。台灣西部沿海由於養殖業的發展，過量抽取地下水，

已造成相當嚴重的地層下陷，致使地下水層的水位面下降、海水入侵地下水層、地下

水層被汙染、土壤被鹽化、排水不易等惡果。由於地層下陷為不可逆之現象，故應以
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嚴肅態度面對。為解決抽水所引致的地層下陷問題，除依賴適當的教育宣導與法規的

訂定，改變國人用水習慣與觀念外，亦應從工程上之學理分析層面切入，進行相關之

數理分析，藉以瞭解抽水所引致的地層下陷機制，其關鍵課題包括抽水所引致的地層

位移變化量、及地層孔隙水壓變化量等的探討，本文擬繪製相關之應用圖表，使有助

於瞭解此一問題的關鍵影響因素及其影響結果，研究成果希冀能提供相關主管機關做

為訂立相關規範之參考依據。 

 

1.3 研究方法 

本文擬採用數學模擬(Mathematical Modelling)的方式進行相關之研究，本文擬推

導出問題之理論解析解(Theoretical Analytical Solution)，使用理論解析方式推估合理

之壓密沉陷量。數學模式中乃將地表面模擬為一半無限域(Half Space)，地層力學性質

與土壤滲流性質皆考慮為均質等向性(Homogeneous Isotropic)，並考慮土壤為完全飽

和狀態，且適於引用線彈性飽和多孔介質彈性力學理論建立數學模式。基於此，研討

出地層受長期抽水作用影響時之穩態壓密沉陷解析解，其中抽水強度與抽水速率考慮

為定值，此外地表邊界則模擬為完全透水與完全不透水兩種情況加以探討。  

本文基於 Biot 三維壓密理論，並引用呂志宗(1991)根據多孔介質彈性力學理論所

推導出之點抽水所導致地層下陷問題的基本解(Fundament Solution)，利用符號運算軟

體 Mathematica 輔助作積分之運算，用以討論因抽水所引起的壓密沉陷問題，所研討

出之解包括地層的垂直、水平位移與超額孔隙水壓變化，並繪製出相關之工程應用圖

表，各項研究結果均可使用簡單之數學符號加以表達，故稱之為閉合解(Closed-form 

Solution)。 

 

1.4 研究範圍與限制 

本文之研究有考慮以下所示之研究範圍與限制：(1)假設含水層可模擬為一半無

限域之均質且完全飽和的多孔介質，本文是將地表模擬為無限延伸之水平面，半無限
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域的考慮與擾動效應、尺度效應及邊界效應等有關，均質是指含水地層中之各點的材

料性質皆相同。(2)含水層之力學行為與滲流性質皆可模擬為等向性，等向性之力學

行為與滲流性質係指在同一個位置上，含水層於任意方向的力學行為與滲流性質皆相

同。(3)含水層之力學行為適用於線彈性理論，線彈性是指在小變形理論的前提下，

含水層的壓密行為是具有可回復之彈性、且受力與變形具有等比例的線性關係，本文

並不考慮塑性變形且含水層無永久之變形。(4)本研究僅考慮抽取之物質為地下水，

且抽水強度與抽水速率恆保持為定值，即將抽水行為模擬為持續且不間斷。(5)本文

僅探討抽水時因壓密行為所引致的地表長期沉陷量，故所建立的數學模式及其分析結

果與時間因子無關。(6)本文將地表邊界模擬為透水邊界時，其意係指地表邊界是模

擬為孔隙水壓可以完全消散之情況，該含水層可視為一非拘限含水層；若地表邊界是

模擬為不透水情況，則是考慮地表面之孔隙水壓無法消散，該含水層可視為一拘限含

水層。另外，地表之力學邊界條件則考慮為無應力變化情況，其意係指地表面之受力

無增加或減少的情況。 

本文於定義符號之正負意義時，是將正值的孔隙水壓定義為壓力，負值的孔隙水

壓定義為吸力；正值的總應力與有效應力定義為壓力，負值的總應力與有效應力則定

義為吸力；正值的地表垂直位移是指地表沉陷量，負值的地表水平位移係指朝水井方

向移動之位移量。本文是以數學模擬的方式分析問題，故在工程應用上須考慮以上限

制條件。本文僅探討出單井抽水所引致的地表水平位移、垂直位移與含水層的超額孔

隙水壓變化，尚未討論抽水所引致的地層應力變化問題。 

在工程實務上，要完全吻合以上所述適用條件並不容易，但本文之研究成果可應

用於以下情況：(1)若能取得含水層的基本水文地質參數資料，即可進行簡易之沉陷

量的估算，因本文是採用線彈性理論進行數學模擬，故通常沉陷量估算結果會較大，

與工程上常希望進行保守評估相符。(2)本文之研究成果為閉合解，亦為另一種型態

的基本解，故可為邊界元素法等數值模擬方法建立研究基礎。 
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1.5 論文架構與流程 

第一章：主要是說明本文之研究背景、研究動機與目的、研究方法、研究範圍與

限制、論文架構與流程等。 

第二章：利用文獻回顧，蒐集並引用與本文相關之前人的研究與資訊，用以了解

關於地下水、地層下陷等之定義、成因與危害等相關資訊，並了解台灣地下水之目前

現況與相關法規，最後引用前人所推導之理論解進行後續之探討。 

第三章：以點抽水問題之閉合解為基礎，將地層模擬為半無限域、均質且等向性

的多孔介質，並將地表之邊界條件分別模擬為透水與不透水兩種情況，進而推導出地

表之最大垂直位移、水平位移與超額孔隙水壓等之閉合解。 

第四章：主要針對第三章所推導出之閉合解進行參數影響分析，需考慮適當且合

理之水文地質及抽水參數，進行數值結果的比較。 

第五章：為結論與建議，主要將本文所探討出之各項結果加以歸納整理，並提出

後續相關之研究建議、與未來的研究發展方向。 

  本論文之研究流程乃是先建立研究動機與目的，再蒐集以往相關之研究論文，針

對問題提出閉合解，再進行參數影響分析，並針對其結果進行說明，本論文之研究流

程圖如圖 1.1 所示。 
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圖 1.1 研究流程圖 
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第二章 文獻回顧 

2.1 前言 

台灣的年平均降雨量約達 2500 毫米，屬於世界雨量豐水區之一，卻因山高地險、

河川的豐枯季相當明顯且蓄水不易，而在部分季節發生了缺水問題，蘊藏在地底下的

地下水變成解決該問題的重要方法之一，更凸顯地下水對台灣的重要性。但多年來過

度使用地下水所造成的地層下陷，已成受十分關注的議題。台灣沿海等低漥地區常有

淹水問題發生，究其原因常是因為地層下陷導致地表低於海平面，致造成排水不良，

每年 5~10 月遇到豐雨季，淹水問題就會更加嚴重，而超抽地下水已公認是造成地層

下陷的主因。 

目前本國已有許多專家學者探討過這類問題如:杜富麗等(1993)曾探討超抽地下

水所引起的地層下陷問題，並提出各種預防及補救措施，曾以模式分析方式建立抽水

量與地層下陷預估量的關係，關於模式分析之可靠度及準確度目前仍是各界努力之重

點。本文亦採用建立數學模式的分析方式進行相關之研究，旨在探討抽水時所引致的

地層下陷與超額孔隙水壓變化，是以呂志宗(1991)所研討出之飽和土層因點抽水所引

致的地層壓密沉陷之基本解為研究基礎，進一步討論抽水所引起的地表最大位移量及

其發生位置，同時亦探討如何將點抽水問題的壓密沉陷基本解調整為線抽水問題的閉

合解，以上問題的研討過程均是將地層的力學行為與滲流性質模擬為等向性。以往亦

有許多文獻進行過相關之研究，例如：杜富麗(1993)即曾探討不同抽水型態對地層下

陷的影響，建立耦合與非耦合情況下之壓密模式；彭清源(1997)曾探討抽水所引致壓

密問題之數值解析方法，並利用近似展開解將耦合的壓密沉陷理論模式改寫為數組簡

單的非耦合壓密沉陷理論模式；曾柏領(2007)曾探討抽水所引致的彈性暫態壓密沉陷，

並探討管線滲漏所引起的地層位移量變化。 

本文在文獻回顧上先介紹地層下陷的定義、成因後，再介紹地下水的定義、地下

水與地層下陷的關係、台灣目前下陷之情況、嚴重地層下陷區域、政府目前施救現況

與地下水管制辦法等，然後介紹有效應力的概念與 Biot 壓密沉陷理論，最後說明本
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研究所使用之理論解析方法與假設條件等。 

 

2.2 地層下陷之定義與成因 
地層下陷泛指地層垂直向下移動所呈現的地面沉降現象，是一種因地層內部應力

失去平衡所產生的行為，且影響區域以大範圍為主。若將地層下陷影響因素分為自然

因素與人為因素兩類，則前者包括板塊運動、火山爆發、岩層溶蝕、地層自然壓密等

天然因素，如日本 2011 年所發生的大地震，其所引致的地層下陷曾高達 114 公分

(Imakiire 和 Koarai，2012)；又或者因興建人工構造物、地下資源開採或抽取地下水

等人為因素，皆會引起地層下陷問題。然而隨著各地之地質條件、作用強度與發展時

間等差異性，所產生的情形遂有不同。 

地層下陷發生過程不易被發現，往往在排水設施功能減低、地下管線受損及土地

淹水時，才會感知其嚴重性，所以有人稱其為沉默的土地危機(柳志錫、杜富麗、洪

偉嘉，2003)。如圖 2.1、圖 2.2 所示，為克服地層下陷所引起的排水不良或淹水問題，

雲嘉地區新建造的房舍均有墊高基礎之設計。 

目前台灣已有許多地區被列為嚴重地層下陷區域，地層下陷嚴重地區是以鄉鎮為

劃定單位，凡是達到「地層下陷累積總量」或「近年地層下陷年平均速率」認定標準，

且達到「易淹水區域」認定標準之鄉鎮，則該鄉鎮就會被劃定為嚴重地層下陷區，目

前已有彰化、雲林、嘉義、台南、屏東等縣市之部分鄉鎮被列為嚴重下陷區(經濟部

水利署，地層下陷防治資訊網)。地層下陷發生後，目前的工程技術仍無法完全回復

其原貌，所能做的僅有盡力去預防及減緩其下陷速度，放任不管對國土流失將有重大

影響，且對我國之社會經濟也是一大威脅。 

 

附 142



 

8 
 

 

圖 2.1 雲嘉地區新建造房舍或庭院需墊高基礎(謝適任攝，2012) 

 

 

圖 2.2 雲嘉地區新建造房舍常需墊高基礎(謝適任攝，2012) 

 

2.3 地下水 

2.3.1 地下水之定義與成因 

地下水之英譯為 Groundwater，望文生義，其中英文均是表示此為地表以下的水。

一般而言地表以下的水，包含土壤或岩石孔隙中的水，在學術領域上多半定義要在地

層中達到飽和之水分方可稱為地下水。 
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地表水受到日曬蒸發後上升至空中，遇冷即凝結為固態或液態下降存於地表，不

斷循環形成一水文循環，當降落於地表的水沿著土壤或岩層孔隙滲流而下時，遇到較

不易透水的土壤或岩層時，即會開始向上累積並儲存於地層中形成地下水層；也有部

分地下水是當沉積岩在地殼變動時，成為封閉在地層內部的水。非拘限含水層

(Unconfined Aquifer)之地下水面頂部稱為「地下水位面」，地下水位面通常位於地表

下數公尺與數百公尺深，但也會出現幾乎貼近地表面之地下水位面，甚至是自湧式之

地下水。地下水的滲流速度會受地面坡度、植物被覆、大地材料與鬆密程度等因素的

影響，地下水的抽水量也受地層滲流速度的影響，故水井的取水層會希望其含水層的

滲流速度快一些，如砂層、砂礫層等即為滲透性良好的取水層。 

台灣本島面積 3 萬 6 千平方公里中，約有 1 萬平方公里有地下水層的分布，所佔

比例達總面積的 29%，地下水的主要含水層為鬆散、孔隙較大且未膠結的沖積層，地

層若經歷固化成岩層後存於岩縫之中，則可能變為萬年的化石水(宜蘭縣政府，宜蘭

縣土壤及地下水汙染整治業務網，2012/9/22 瀏覽)。水利署將全台劃分為 10 個地下

水區，如表 2.1 所示，共包含台北盆地、桃園中壢台地、新竹苗栗沿海地區、臺中地

區、濁水溪沖積扇、嘉南平原、屏東平原、蘭陽平原、花蓮臺東縱谷區與澎湖地區。 

地下水不一定都是淡水(陳文福，2005)，也有因為古世紀海相堆積而鹽分殘留於

孔隙中、或人為因素所導致之鹽化，例如：嘉南沿海地區古時為曬鹽區，鹵水經數十

年的下滲，導致地下水之鹽分比海水還高。地下水的水質極易受區域內之地質、水源、

人類活動、超抽、海水入侵等因素的影響而產生變化，地下水因位於地層中較不易受

汙染，但汙染後也較不易回復原狀。 
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表 2.1 地下水區劃分說明(行政院環境保護署，民國 99 年環境水質監測年報，2010) 

水區 
總面積

(KM2)

包含縣市 

(測井數) 
水區概述 

台北盆地 380 臺北市(18)、新

北市(30)、桃園

縣 (3)，共計51
口。 

主要分布在臺北盆地，涵蓋大漢溪、新店溪與基隆

河，地表水沿河床滲入礫石或砂層中形成地下水，

降雨或低窪地的積水入滲亦供應部分地下水。 

桃園中壢

台地 
1,090 桃園縣(22)，共

計 22 口。 
桃園中壢台地為古石門沖積扇的主要部分，沖積扇

經造山運動而隆起，並緩緩傾斜形成台地，因台地

表面有滲透性不佳的紅土披覆，阻礙地表水的入

滲，一般認為地下水主要由大漢溪和南崁溪，沿河

道滲入地層中形成。 
新竹苗栗

沿海地區 
900 新竹市(15)、新

竹縣(14)、苗粟

縣(40)，共計69
口。 

北以鳳山溪為界，和桃園中壢台地相接，南以大安

溪為界，和臺中地區相鄰。本區因地形與地質條件

影響，地下水層分布零碎，各屬不同集水區，地下

水不相通連。沖積層的地下水主要來自河水補注與

雨水入滲，水量充沛，為主要地下水層。 
臺中地區 1,180 臺中市(4)、臺中

縣(16)、南投縣

(2) 、 彰 化 縣

(2)，共計24口。

由臺中盆地、后里、大肚山、八卦山台地與沿海狹

長平原組成。臺中盆地、沿海狹長平原地下水主要

來自大甲溪、大肚溪、大安溪水系河床的滲漏而

成。后里、大肚山、八卦台地地層表面有紅土分布，

下為受紅土浸染的厚層礫岩與砂岩層，蘊藏豐富地

下水；惟因地勢高，地下水甚深。 
濁水溪沖

積扇 
1,800 彰化縣(19)、雲

林縣(14)、嘉義

縣 (3)，共計36
口 

本區為本省最大的沖積扇，地層的孔隙發達，地表

水與地下水互相暢流，地下水位淺，地下水極豐富。

屏東平原 2,520 嘉義市(1)、嘉義

縣(15)、臺南市

(4) 、 臺 南 縣

(36) 、 高 雄 市

(13) 、 高 雄 縣

(21) ， 共 計 90
口。 

北由北港溪左岸起，南迄高屏溪右岸。本區為北港

溪、朴子溪、八掌溪、集水溪、曾文溪、鹽水溪與

二仁溪所搬運的大量泥砂，淤積河口附近，後因地

盤隆起造成廣大沖積平原，地表降雨與河床入滲為

地下水的主要來源。 

蘭陽平原 400 宜蘭縣(19)，共

計 19 口。 
呈等邊三角形，北以頭城，南以蘇澳，西以松羅為

三個頂點，各邊長約30公里。本區河水部分滲入地

下形成地下水，未滲入部分常沿沖積扇表面向下分

流，沖積平原內的礫層與砂層為良好地下水層。 
花蓮臺東

縱谷區 
930 花蓮縣(11)、臺

東縣(8)，共計19
口。 

北起花蓮，南迄臺東，介於中央山脈與海岸山脈

間，為一南北長約150公里，東西寬2至7公里的狹

長縱谷。縱谷內沖積層極厚，主要由變質岩的礫石

與砂所組成，孔隙發達，沖積扇的地表水易滲入地

層中，形成地下水。 
澎湖地區 127 澎湖縣(11)，共

計 11 口。 
由60餘個島嶼組成，其地層由上而下大致可分為海

濱堆積層、石灰岩與澎湖層，其中，海濱堆積層為

主要的淺層自由含水層。 
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地下水的水質特性為水體中包含礦物質，其中以氨、氮、硝酸鹽、氟鹽、鐵、錳、

有機碳、鋁、鋅等較為常見，也受當地農業與工業發展的影響而產生汙染。對地下水

資源威脅最大的為硝酸鹽，硝酸鹽的來源包括農業化肥、化糞池汙水等，飲水中若硝

酸鹽含量過高有可能會造成孕婦流產、藍嬰症與癌症。工業汙染的案例亦有不少，1938

年鐘淵曹達工業株式會社在臺南所設立的工廠，主要是為了配合日本海軍生產軍需品，

後由台灣省行政長官公署接收後更名稱為臺鹼公司，該公司主要是生產五氯酚(除草

劑)等，但在生產過程中會產生戴奧辛，對環境影響甚鉅，故於 1982 年關廠，該工廠

早期生產時常採用汞為觸媒，廢水及廢棄物流入地下水層後，已造成鄰近的顯宮、四

草、鹿門等三里共 1,282 戶里民的血液中戴奧辛含量偏高，後續整治費用高達新臺幣

上百億元。1950 年代在西南沿海地區也曾發生烏腳病，病情為末梢血管堵塞造成患

者雙足發黑，其病因為飲用的地下水中含砷、螢光物質或腐質酸所致。 

 

2.3.2 地下水層與水井 

水井(Well)如圖 2.3 所示，是汲取地下水資源之主要設施，通常是由地面垂直向

下挖掘或鑽鑿一孔達到含水層，並於孔壁四周敷設井框或安裝井管而成。水井之建置

因地層情況、用水需求、施工方法等不同條件，分成多種類型，諸如深淺井、群井、

小管井、輻射井、橫井等，而其所需費用、抽水量、抽水位及適合之地質及水文條件

亦不相同。水井依其用途分有兩類，一般是抽取地下水後加以使用之抽水井，另一為

監測地下水之水位或水質的監測井。完整水井井體包含井管、濾料圈、井篩及沈砂管

等裝置。井管是井體最主要的部分，應有足夠的強度以承受周圍地層的側向土壓、地

下含水層的靜水壓力及下管時的施工外力等，同時又必須不易與地層材料、其他流體

起化學反應。若井管無法承受這些壓力，井體就容易坍塌，若容易與其他物質反應，

則容易腐蝕或積垢，因此其材質常是影響水井使用壽命的重要因素。濾圈(Filter Pack)

之主要功能為避免含水層中的細顆粒土壤隨地下水流入井管而造成土壤流失，或將濾

管阻塞致地下水無法順暢地流入井管中，因此在埋設井管後，會於井孔與井管間填充
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濾料
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井管

水井
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來說
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圈之地下水進

管的整體強度

井最底部之一

井外不相通
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立成功大學

(經濟部

地層按其滲

分是相對的，

件或人為條件

動的地方。有

說滲透係數較

料圈（或稱

進入井管中

度。井篩形

一段井管，銜

，其主要功

之功能為封阻

含水層之地

，地層下陷

部水利署、國

滲透性可分

，僅取決於地

件下，能流

有些岩層和

較小之地層

稱礫石圈，G

中之通道，井

形式繁多，有

銜接於最下

功用為備供沈

阻隔絕所監

地下水混流

陷防治服務團

圖 2.

國立成功大
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地層透水性

流出水來的土

和黏土層雖然

層稱為阻水層

12 

Gravel Pack
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有切縫式、鑽

下層之濾水管

沈積侵入井

監測之含水層

，影響水位

團)。 

3 水井建置

大學，地層下

與阻水層(單

性的大小。所

土層或岩層

然富含地下

層或拘限層
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鑽孔繞線式

管下方，深置

井體之細緻顆

層與其他含

位或水質監測

置示意圖 

下陷防治服

單信瑜，20

所謂含水層

層，如砂層、

下水，但幾乎

層，也可稱為

creen)的主要

會影響出水

式、百葉窗式

置於不透水

顆粒，使不致

含水層間之連

測之正確性

服務團，201

05)，含水層

層是指儲存有

、砂礫層等

乎不透水或透

為不透水層，

要功用為提

水量之多寡，

式等。沈砂

水層內，管底

不致於積塞井

連通性，避免

性(經濟部水

 

12/9/6 瀏覽

層與阻水層

有地下水並

，是地下水

或透水性很低

，如黏土、頁

提供通過
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砂管則為

底封閉，

井管。皂

免雨水、

水利署、

) 

層之間的

並在自然

水貯存和

低。一般

頁岩等。
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地面以下的第一個含水層，通常稱為非拘限含水層(Unconfined Aquifer)、或自由含水

層(Phreatic Aquifer)，這個含水層中有一個『地下水位面』，地下水位面是指地下水的

上部邊界，此水位面上的壓力為大氣壓力。若將水井打到此含水層中，則井中的水位

面與地下水位面同高。通常地下水的含水層底部是低透水性的黏土或岩層，含水層本

身則為透水性良好的土壤，在非拘限含水層以下，被兩層拘限層所包夾的含水層，稱

為拘限含水層(Confined Aquifer)，若僅將水井打到該類含水層，其井中水位面會高於

原先含水層之上方邊界，直至與大氣壓力產生平衡。無論是拘限或是非拘限含水層都

會因人為鑿井抽水而造成水位或水壓降低，而形成一個以抽水井為中心的漏斗形曲面，

一般稱之為洩降錐(Cone of Drawdown 或 Cone of Depression)。 

 

2.3.3 地下水抽取量推估 

地下水抽取推估方法有許多種，馮寶蓮(2006)使用經驗法、現地流量法與用電量

法等三種方法，進行台南縣及高雄縣部分地區之抽水量的推估，亦即(1)經驗法：乃

依據經濟部水利署所擬之「水井調查手冊(草案)」，所提出之抽水機進水口管徑與抽

水量關係，查出每口水井之抽水量後推估計算地下水之總抽取量。(2)現地流量法：

水井清查完成後，依各類用水不同，隨機抽樣於現地進行流量率定試驗，計算抽樣水

井每分鐘抽水量後測估地下水之抽取量。(3)用電量法：係使用當地抽水馬達用電量

進行地下水之抽取量的推估計算。因經驗法所推估之用水時數較不完整，僅供參考對

照用，現地水井量測法在水井特性掌握上較經驗法可靠，而用電量法則可以清楚反映

水井使用之真實情況，誤差範圍僅限某些較難調查之區，故可靠度為三者之最。 

湯珠孝(2010)曾提出應用地下水歷線分析法推估屏東平原補注量及抽水量，該方

法在降雨量豐、枯水期分明的區域，可以快速概估該區域補注量與抽水量，並可計算

安全出水量。徐年盛等(2011)也曾提出應用地下水歷線及同位素分析法估算地下水系

統之水文平衡情形，可推估各補注源之比例與補注量，依其方法對地下水之蓄水量歷

線進行推估，結果顯示西元 1999 年至 2008 年之年平均蓄水變化量為 0.11 億噸，年
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平均抽水量為14.08億噸，年平均補注量為17.57億噸，總補注中雨水占整體之55.9%，

河水補注占整體之 14.3%，而區外補注達 29.8%。 

丁崇峰等(2006)在水資源供需平衡條件下，利用相關統計資料，建立地下水抽取

量的推估方法，藉由一維垂直入滲及二維河岸滲漏模式推估補注量，以推算地下水超

抽量，並輔以他人所做之統計結果進行比較。結果顯示，民國 81~90 年間雲彰地區，

兩地之超抽水量約在 0.5~6.7 億立方公尺。 

而在數值模擬上則有引用 MODFLOW 地下水模式進行推估的方法。經濟部水利

署水資源科技模式庫中曾介紹，MODFLOW 地下水模式是由美國地質調查所 Michael 

(1988)及 Arlen(1996)二人所發展之數值模式，其名來自於「模組化三維地下水流模式」

(Modular Three-dimensional Groundwater Flow Model)之縮寫(McDonald 和 Harbaugh，

1988，1996)。可應用於一維、二維及大部分的三維地下水流問題，無論是穩態、暫

態、拘限含水層與非拘限含水層皆可加以模擬。侯依浩等人(2010)曾利用 MODFLOW

地下水流數值模擬軟體，建構濁水溪沖積扇之地下水流數值模型。張正緯等(2009)使

用有限解析法與垂直分層技巧，發展一套可以根據地質分塊計算大範圍的三維地下水

模式，補足 MODFLOW 在非拘限含水層之自由液面準確性計算不佳的問題。 

 

2.3.4 地下水與地層下陷之關連性與所造成的災害 

如表 2.2 所示，有 90%的地層下陷問題是因人類開發地下資源不當所致，此可以

有效應力觀念的力學作用機制加以解釋：地下水超抽會引起地下水壓降低，因而荷重

會轉移至土體上，造成地層的緊密度增加，故導致局部或區域性的地層下陷後果。地

層下陷的現象為不可逆之反應，且目前技術並無法使已下沉之地表回復原貌，故須加

以管控與限制地下水的開發，以減緩這個過程。 

國立成功大學地層下陷防治服務團隊在民國 89 年到 98 年間，共清查了宜蘭縣、

台北市、新竹縣市、苗栗縣、彰化縣、雲林縣、嘉義縣市、台南縣市、高雄縣市及屏

東縣等 14 個縣市地區的水井數已超過 30 萬口，其中僅有約 1.8 萬口水井為具有水權
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或有臨時用水執照，亦即僅約有 6%為合法水井。如圖 2.4 所示，部分地區私設水井

的情況相當普遍。 

 

表 2.2 自然因素與人為因素對地層下陷之發生率的影響比較( Freeze，2000) 

           地陷原因 

比較項目 
海水面上升 沉積物自然壓實 開採地下流體 

地層下陷量(公分/年) 0.0~0.5 0.0~0.5 0.0~10.0 

發生率(%) 5 5 90 

 

超抽地下水所引發的地層下陷問題對土地、環境、工程建設、水資源利用、國土

規劃、社會經濟與法令政策等等，均有相當重大的影響。此外，地層下陷通常會在密

集抽水區域形成下陷中心並向四周擴散出去，有時候影響可能達數百平方公里。其對

結構物的影響包括基礎會產生差異沉陷或承載力下降等，地下維生管線上也可能因受

擠壓變形致不堪使用；部分沿海地區受地層下陷的影響，已造成海水入侵，其原因是

淡水密度較低會浮在海水上，當大量抽取淡水時會造成淡水與海水之交界面不斷下降，

使得海水發生入侵含水層的現象。海水入侵地下水層會導致土壤與水質的鹽化，造成

地表植被及耕作的枯死。地層及土壤一旦被鹽化，就算是停抽地下水，讓地下水位回

升，迫使海水退出地下水層，但地層及土壤已受鹽害，這是一個極難復原的災害。地

層下陷後，部分低漥地區長年積水不退，不但造成土地利用上極大的不便，臨海地區

更屢屢發生海水倒灌，使得土壤鹽害更加嚴重。對於交通層面來說亦已造成影響，高

鐵啟用不到十年，但據蘋果日報記者李姿慧於 2012 年 4 月 2 日的報導，高鐵雲林沿

線的地層下陷情況仍止不住，依監測資料顯示，高鐵跨台 78 線處兩年內之下陷量已

達 14 公分，且多數路段雖有下陷趨緩之勢，但仍是警訊，若不改善，高鐵未來僅能

開到台中，影響行車安全甚鉅。陳文福(2005)在台灣的地下水一書中提到：西部沿海

一帶養殖業的年產值約有 270 億元，淨利約 45 億元，但政府後續所需投入的安全維
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護費用甚高，例如：增建海堤、改建排水設施等均須耗費鉅資，若要依賴填土填回原

地層高度，即需花費 800 億元以上的代價，因此如何合理的使用地下水是十分重要的

課題。 

 

 

圖 2.4 雲林地區私鑿的水井(謝適任攝，2012) 

 

2.3.5 地層下陷之現況與嚴重地層下陷區域探討 

如表 2.3 所示，許多國家都需面對地層下陷的問題。辜樹仁(2012)在天下雜誌 492

期的專題報導中指出：大陸上海市在 60 年內之地層下陷量已達 2.5 公尺，同時在大

陸另有 49 個城市也遭遇相同的問題，總下陷面積已達 7.9 萬平方公里，比兩個台灣

還大，其起因包括推動大量的基礎建設與興建超高樓層建築等。如圖 2.5 所示，依經

濟部水利署地層下陷防治資訊網的資料顯示，歷年來全台各地除花蓮台東外皆有地層

下陷的問題，目前彰化、雲林、嘉義、屏東等地區還在持續下陷，持續下陷的面積以

雲林縣的 397.6 平方公里最為嚴重，最大下陷量則是以屏東的 3.39 公尺最為嚴重，而

民國 100 年的最大下陷速率則以雲林與屏東的每年 6.8 公分為最快。 

屏東地區在 1970 年後成為養殖漁業的重要地區，魚塭面積大量增加，1980 年台

灣遇到大乾旱，屏東地區也在當年創下了一年下沉 68.9 公分的驚人紀錄；另 1994 年
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也遇到乾旱，但並未下沉得如此嚴重，據推論應是 1980 年的大量抽水，取走孔隙中

的水分已造成地層過度壓實。桃園地區雖也大量抽取地下水，卻未發生如此嚴重的下

陷，因桃園地區為隆起的台地，地層已被壓縮過一次，故地層下陷也與當地之地質有

關。 

經濟部於民國 94 年 12 月公告並劃分嚴重地層下陷區域，其係以鄉鎮為單位加以

劃定，凡是達到「地層下陷累積總量」或「近年地層下陷年平均速率」認定標準，且

達到「易淹水區域」認定標準之鄉鎮，則該鄉鎮即被劃定為嚴重地層下陷區，其中包

含彰化、雲林、台南、屏東等縣市，共涵蓋 24 個鄉鎮地區，詳細規定如 2.3.6 節所示。 

 

表 2.3 世界上嚴重地層下陷區的比較(柳志錫、杜富麗、洪偉嘉，2003) 

地區 最大下陷量(公尺) 下陷面積(平方公里) 發生期間 

日本東京 4 190 1920~1970+

日本大阪 3 190 1928~1968 

墨西哥墨西哥市 9 130 1938~1970+

美西亞歷桑大中部 2.3 130 1961~1969+

加州 Santa Clara 谷 4 650 1920~1970 

San Joaquin 谷 2.9~9 11,000 1935~1970+

拉斯維加斯 1 500 1935~1963 

大陸上海市 2.9 1,069 1963~1989 
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圖 2.5 民國 100 年度地層下陷檢測概況圖 

(經濟部水利署，全球資訊網，基本水利資訊 -- 地層下陷，2013/1/21 瀏覽) 

 

2.3.6 嚴重地層下陷地區劃設作業規範 

  民國 94 年 10 月 28 日，經濟部經授水字第 09420219000 號令，訂定嚴重地層下

陷地區之劃設作業，如以下所示。 

一、經濟部（以下簡稱本部）為辦理行政院核定之國土復育策略方案暨行動計畫，進

行嚴重地層下陷地區劃設作業，特訂定本規範。 

二、本規範劃設之嚴重地層下陷地區，係考量地層下陷累積總量、下陷年平均速率達

一定程度以上，且對防洪、排水、禦潮或環境產生重大影響等相關因素劃定公告，
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並刊登政府公報；變更時亦同。前項嚴重地層下陷地區，本部得每五年或依實際

狀況檢討變更之。 

三、本規範用詞定義如下： 

(一)累積下陷量：指地面某定點自有檢測資料開始歷年高程之下陷總量。 

(二)近年地層下陷年平均速率：指近五年內地面某定點之年平均下陷量。 

四、劃設或變更嚴重地層下陷地區之參據資料如下： 

(一)地層下陷資料：符合二等水準點閉合標準之地面高程檢測資料及本部水利署管

理之地層下陷監測井資料。 

(二)易淹水區域資料：以本部水利署繪製之感潮線、台灣地區常淹水地區及颱風豪

雨水災常淹水地區等區域之聯集範圍為主，各縣（市）政府淹水地區調查資料

為輔。 

五、網格數據取得：將擬檢討地區分割為長寬各一公里之正方形網格，並將具有參據

之累積下陷量與近年地層下陷年平均速率地層下陷檢測資料，經空間內插方法分

配於網格。 

六、網格狀態判釋原則如下： 

(一)地層下陷明顯網格 

  符合下列任一目規定之網格，該網格即為地層下陷明顯網格： 

１、累積下陷量達五十公分以上者。 

２、近年地層下陷年平均速率達每年十公分以上者。 

(二)嚴重地層下陷網格：前款地層下陷明顯網格，經判釋後位於易淹水區域內，該

網格列為嚴重地層下陷網格。 

七、嚴重地層下陷地區之劃設原則如下： 

(一)經檢討嚴重地層下陷網格範圍達全鄉（鎮、市、區）面積百分之七十以上者，

以全鄉（鎮、市、區）列為嚴重地層下陷地區。 

(二)經檢討嚴重地層下陷網格範圍達全鄉（鎮、市、區）面積百分之三十以上，未

達百分之七十者，得依應列入嚴重地層下陷地區範圍周邊之明顯地形、地貌、

排水、道路或地段分界劃設為嚴重地層下陷地區範圍。但該劃設為嚴重地層下

陷範圍不得小於應列入之嚴重地層下陷網格範圍。 
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(三)經檢討嚴重地層下陷網格範圍未達全鄉（鎮、市、區）面積百分之三十者，該

鄉（鎮、市、區）不予列入嚴重地層下陷地區。 

(四)本部依據農地釋出方案於八十八年一月二十八日以經（八八）水字第八八二六

○○三○號公告之嚴重地層下陷區直接納入嚴重地層下陷地區範圍內。 

八、嚴重地層下陷地區已完成防洪排水與防災設施之興建及改善工程，明顯可降低洪

氾、暴潮或淹水災害發生頻率者，得依實際改善情況檢討修正嚴重地層下陷地區

範圍。 

九、進行劃設作業時，該鄉（鎮、市、區）於前五年均無符合第四點資料者，則視為

資料不足，暫不予以檢討，俟資料完備後再依本規範辦理劃設作業。 

 

2.3.7 政府施救措施與地下水管制辦法 

 由於地層下陷為不可逆之行為，只能採取預防與減緩沉降為主，經濟部、內政部

等單位於民國 85 年開始陸續推動地層下陷防治工作，工研院能資所受經濟部水利署

委託在部分地區設立地下水觀測網(經濟部水利署，地下水觀測網， 2012/9/22 瀏覽)，

時時監測其地下水位的變化，如圖 2.6 與圖 2.7 所示。民國 87 年由經濟部水利署委託

國立成功大學成立的地層下陷防治服務團隊(經濟部水利署，地層下陷防治智識服務

計畫，2009)，以專職的人力協助中央業務主管機關進行相關業務的推動、協調、溝

通、整合及執行，並建立幕僚技術，協助處理敏感地帶或地區之地層下陷問題，並提

出對策加以分析及研討，也對地下水管制區與相關環境敏感地區的變化進行監控防治

等，並定期舉辦多種活動，藉簡單的觀念宣導建立防治地層下陷的概念，使社會大眾

更加清楚了解與重視相關問題。馬英九總統透過行政院經濟建設委員會，在 2008 年

12 月提出的「愛台 12 建設」計畫中(行政院經濟建設委員會，愛台 12 建設總體計畫，

2013/1/21 瀏覽)，在防洪治水議題中曾明列「加強地下水補注，有效改善地層下陷」

的目標，期望把全台持續下陷面積控制在 800 平方公里以內，深地層的最大平均壓縮

速率控制在每年 5 公分內，並倡導改用海水供應養殖漁業的需要，以減少地下水的抽

取量。 
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民國 87 年經濟部曾提出高屏大湖計畫，又名吉洋人工湖計畫，希冀能藉由該計

畫調節荖濃溪豐枯期的水量，解決高屏地區的缺水危機，並補注地下水層(經濟部水

利署，高屏大湖(第一階段工程)可行性研究，2008)。由「高屏大湖工程計畫－地下水

文監測追蹤與檢討評估（99 年度）」的成果報告(經濟部水利署南區水資源局，2010)

得知：由於荖濃溪的溪水含泥量過高，河水懸浮固體濃度偏高，底泥經篩分析與比重

計分析後粒徑屬細沙、粉土與黏土，水力傳導係數為 1.3~1.7×10-6 公尺/秒，屬低滲透

性，入滲量會因孔隙堵塞而遞減，又該計畫牽涉環境保護等因素的考量，對當地居民

的影響甚鉅，本計畫是否繼續推動，尚在評估中。 

  經濟部在民國91年2月曾訂定並發布地下水管制辦法，並於95年2月加以修正，

全文共計 18 條。該辦法為依照水利法第 47 條之第一項規定訂定之，當主管機關考量

地層下陷程度、地下水變化、地質條件等因素後，可據以劃定地下水管制區，該法在

第五條有詳細規定管制區內鑿井引水需符合其規定，並經由主管機關核定後方可發放

水權狀，並規定使用期限與使用量，管制範圍如圖 2.8 所示。 

 

 

圖 2.6 雲林縣大埤鄉嘉興國小地下水觀測井 1(謝適任攝，2012) 
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圖 2.7 雲林縣大埤鄉嘉興國小地下水觀測井 2(謝適任攝，2012) 

 
圖 2.8 地下水管制區 

(經濟部水利署，全球資訊網，檔案下載 -- 水文技術組，2012/11/3 瀏覽) 
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2.4 有效應力 

土壤結構為三相系統(Das，2005，2008)，由固體、液體與氣體所組成，固體土

體形成孔隙排列，孔隙由水與空氣所佔據，當土壤受壓時，壓力也為三者所共同分擔，

一般多半都是以總應力來推估土體受壓情形。一般而言，土壤與水可視為不可壓縮性

質，但水無法承受剪力；除非在密閉空間內，不然空氣無法承受任何作用力。為了分

析土體的壓縮、承載情況與應力分布特性，故有學者提出 Terzaghi 的有效應力觀念，

如式(2.1)所示： 

p  ，                                                           (2.1) 

其中  = 總應力，  = 有效應力， p  = 孔隙水壓。 

  Skempton(1960)將其理論加以延伸，提出式(2.2)： 

)1(
)(

s
s ap

ap 



  ，                                      (2.2) 

其中 =土體的橫斷面積， sa =土壤中固體與固體接觸點面積之總和，


 s
s

a
a =每單

位土壤橫斷面積內屬固體與固體接觸部分的面積。 

有效應力為土壤橫斷面上，每單位土壤面積內，土壤固體顆粒形成之架構所承受

之應力。土體中的有效應力會影響其體積變化與強度，有效應力增加會導致土壤顆粒

更緊密的結合在一起，造成壓密之現象。有效應力的觀念為大地工程中最重要的觀念

之一，土壤的壓縮性與抗剪強度等，多半皆與有效應力有關，在解決擋土結構所承受

的橫向土壓力、基礎承載力與沉陷、邊坡穩定上皆有相關。 

地震過後的土壤液化現象，也可依有效應力觀念加以說明。當地層受強烈地震影

響時，土壤的顆粒會因震動更緊密結合在一起，土壤中之孔隙水壓因無法消散，而累

積向地表宣洩之壓力，最後挾帶地層內之泥沙噴出地表形成噴砂孔，導致土壤的有效
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應力大幅降低而影響土壤之承載力，造成上部結構的破壞，土壤液化通常好發於年輕

的沖積地層或海埔新生地等疏鬆的沙土層。 

 

2.5 Mathematica 介紹 

Mathematica 為符號運算軟體(洪維恩，2001)，係美國 Wolfram 公司於 1988 年所

開發出之數學運算軟體，不僅能運用於積分、微分、解析微分方程式等符號運算，亦

可將結果以圖示方式予以可視化。Mathematica 能快速分析數據、驗證理論假設並整

理研究之成果，已被廣泛應用在教學與研究方面，本文亦藉此套軟體輔助進行積分的

運算。涂凱嵐(2010)曾提到 Mathematica 4.0 版本共有六點使用上較不便利的部分，包

括： 

1. 進行計算時，計算若有出錯，需將程式關閉後再重新啟動，否則程式會使用前面

所宣告之數值繼續運算。 

2. Mathematica 所推導出之結果無法與 MS Word 的方程式編輯器相容。 

3. 使用 Mathematica 進行等壓線繪圖時，需於官方網站下載相關輔助軟件，對於初

次使用的使用者而言，較難蒐尋到該輔助軟件。 

4. Mathematica 之繪圖，部分結果需以人工方式進行幕後製作。 

5. Mathematica 運算過於複雜的算式，需要拆分為較小之計算單元再進行組合。 

6. Mathematica所計算的結果化簡後，仍會有計算式無法以該軟體作最精簡之化簡，

需藉由人工化簡才能獲得較簡易之計算結果。 

本研究在使用 Mathematica 符號運算軟體進行相關計算之過程中，亦需面對以上

所述六點的困擾，另外發現使用 Full Simplify 化簡功能或進行較多運算時，偶爾會發

生運算時間極長的情況，強制關閉會造成運算檔案的損毀，需重新開啟並全部重新輸

入運算式。 

 

2.6 抽水所引致沉陷之基本理論公式探討 
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2.6.1 前言 

如前所述，土壤結構為三相系統，是由固體、液體與氣體所組成，固體的土體顆

粒會形成空隙且隨機的排列，而空隙會被水與空氣所佔據，當土壤受壓時，也會由這

三者共同分擔。當地下水被抽取後，原本由水所承受的壓應力會轉至土壤顆粒造成壓

密。呂志宗(1991)提到 Terzaghi 於 1923 年首先提出單向度壓密理論，其一維壓密理

論之基本假設為： 

1. 土壤為均質且完全飽和。 

2. 固體土壤顆粒與孔隙水不可壓縮。 

3. 孔隙水在孔隙中流動符合 Darcy 定律。 

4. 土壤孔隙率不隨介質內部有效應力大小而改變。 

5. 土壤體積的縮小是因為孔隙被壓縮所致。 

6. 土壤之力學性質與滲流性質皆考慮為均質且等向性。 

實際上土壤的壓縮性和水分排出並非單向，故以上所述 Terzaghi 的單向度壓密理

論之基本假設僅適用於特殊壓密情況下。呂志宗(1991)曾提及：「Terzaghi 的壓密理論

過度簡化問題，對於一維壓密沉陷而言問題不大，但若欲應用在解析三維壓密沉陷問

題時，實需斟酌。雖然 Terzaghi 的單向度壓密理論簡易，而常被工程界應用於壓密沉

陷分析，然而以較嚴謹之 Biot 三維壓密理論解析壓密沉陷問題，為深入研究此類問

題之所需。」本文在研究與建立問題之基本方程式時，係使用 Biot(1941)所建立之三

維壓密理論，學理上亦稱之為多孔介質彈性力學理論 (Poroelasticity)。 

 

2.6.2 Biot 於 1941 年所建立之多孔介質彈性力學理論 

Biot 於 1941 年首先提出土壤的三維多孔介質彈性力學理論，其基本假設為考慮

孔隙水與固體土壤顆粒皆可壓縮，土壤為均質且等向性之多孔隙介質，並假設孔隙水

在孔隙中的流動符合 Darcy 定律，在探討多孔介質之組成律關係時，若考慮固體介質
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與孔隙流體間的互制作用關係，且模擬多孔介質為等向性之飽和線彈性體，則其組成

律關係可表示為： 

߬ ൌ ߜ,ݑߣ  ,ݑ൫ߤ  ,൯ݑ െ ߜߙ                                                          (2.3) 

ߠ ൌ ,ݑߙ 
ଵ

ொ
 (2.4)                                                                                     

其中 

߬	= 作用於多孔介質之總應力； 

 ；單位多孔介質體積內所增加之孔隙流體體積 = ߠ

 ；超額孔隙流體壓力 (壓力為正) = 	

,ݑ ൌ
డ௨భ
డ௫భ

 డ௨మ
డ௫మ

 డ௨య
డ௫య

ൌ డ௨ೣ
డ௫


డ௨
డ௬

 డ௨
డ௭   = 多孔介質之體積應變量； 

ߜ  = Kronecker delta 函數； 

 ；含水層之剪力模數 = ߤ

Lame = ߣ 常數 = 
ாఔ

ሺଵାఔሻሺଵିଶఔሻ
； 

 ；含水層於排水情況下所測得之柏松比 = ߥ

 。固體介質與孔隙流體間之互制作用係數 = ߙ、ܳ

因考慮孔隙流體的流動符合 Darcy 定律，則： 

ݒ ൌ െ 

ఊ
                                                                                          (2.5),

其中 

 ； = 孔隙流體之流速ݒ

݇ = 多孔介質之滲透係數； 

 ； = 孔隙流體之單位重ߛ

, ൌ
డ୮

డ௫
		(i = 1,2,3) = 超額孔隙流體壓力之壓力梯度。 
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將 Darcy 定律式代入考慮多孔介質徹體力(Body Force)	 ݂與孔隙流體補注變率 q

之力平衡方程式(2.6)與流量連續方程式(2.7)中： 

߬,  ݂ ൌ0                                                                                         (2.6) 

ሶߠ  ,ݒ ൌ  (2.7)                                                                                        ݍ

則理論模式之基本方程式可表示為： 

ሺߣ  ,ݑሻߤ  ,ݑߤ െ ,ߙ  ݂ ൌ 0                                                          (2.8) 

െ 

ఊ
,  ሶݑߙ , 

ଵ

ொ
ሶ െ ݍ ൌ 0                                                                 (2.9) 

其中ݑሶ , ൌ
డ௨ೖ,ೖ
డ௧

。上式即引用ߣ、ߤ、ߙ、ܳ等基本力學常數建立基本方程式，以試驗

獲取這些力學常數時，須考慮固體介質與孔隙流體間之互制力學行為的變化。而

n、k、ߛ等係數，則是屬於土壤之物理性質或孔隙水之水利常數。 

 

2.6.3 Biot 建立之多孔介質彈性力學理論發展 

Biot 於 1955 年引入孔隙率(Porosity) n 的觀念，說明作用於多孔隙介質之孔隙流

體壓力變化量，再以孔隙流體與固體介質間會產生相對位移的現象來分析多孔隙介質

的位移變化，並將其理論推廣至異向性介質的情況。若考慮多孔介質為等向性之飽和

線彈性體，則其組成律關係可表示為： 

߬ ൌ ߜ,ݑߣ  ,ݑ൫ߤ  ,൯ݑ െ ݊ ொାோ

ோ
ߜ                                                   (2.10) 

ߠ ൌ ݊ ொାோ

ோ
,ݑ 

మ

ோ
 (2.11)                                                                             

式中߬、ݑ、ߠ、ߜ、、ߣ、ߤ之定義與式(2.3)與式(2.4)相同，Q 與 R 分別為新定義

之固體介質與孔隙流體間的互制作用參數，亦即此力學常數 Q 與式(2.4)之定義並不
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相同，上式所引用之力學常數 R、ߣ、ߤ、Q 與 Biot(1941)文獻中所出現之力學常數 A、

N、S 的關係為： 

 N                                                                                                (2.12) =	ߤ

ߣ ൌ ܵ ൌ ܣ െ ொమ

ோ                                                                                     (2.13) 

將 Darcy 定律式(2.5)、式(2.10)、式(2.11)代入力平衡方程式(2.6)與流量連續方程

式(2.7)中，則理論模式之基本方程式可表示為： 

ሺߣ  ,ݑሻߤ  ,ݑߤ െ ݊ ொାோ

ோ
,  ݂ ൌ 0                                                   (2.14) 

െ 

ఊ
,  ݊ ொାோ

ோ
ሶݑ , 

ொమ

ோ
ሶ െ ݍ ൌ 0                                                         (2.15) 

Biot 於 1956 年為了研討介紹多孔隙介質之彈性動力學模式，曾引用基本力學常

數ܯ、ߣ、ߤ、ߙ建立理論模式之基本方程式，其中互制力學常數 M 與 Biot 於 1941 年

所定義之力學常數 Q 相同，並仍沿用在 1955 年所介紹之相對位移的觀念建立基本方

程式。為方便比較，故相關方程式的表示方式盡量與 2.6.2 節相同，其中在單位多孔

隙介質體積內增加之孔隙流體體積ߠ改以ߞ表示。若考慮多孔介質為等向性之飽和線彈

性體，則其組成律關係可表示為： 

߬ ൌ ߜ,ݑߣ  ,ݑ൫ߤ  ,൯ݑ െ ߜߙ                                                         (2.16) 

ߠ ൌ ߞ ൌ ,ݑߙ 
ଵ

ெ
 (2.17)                                                                             

式中各項物理量或參數符號皆與 2.6.2 節所述相同。將 Darcy 定律式(2.5)、式(2.16)、

式(2.17)代入力平衡方程式(2.6)與流量連續方程式(2.7)中，則理論模式之基本方程式

可表示為： 
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ሺߣ  ,ݑሻߤ  ,ݑߤ െ ,ߙ  ݂ ൌ 0                                                         (2.18) 

െ 

ఊ
,  ሶݑߙ , 

ଵ

ெ
ሶ െ ݍ ൌ 0                                                                (2.19) 

再將相關力學常數加以比較後可知： 

ܯ ൌ ܳ ൌ ோ

మ
                                                                                       (2.20) 

α ൌ ݊ ொାோ

ோ                                                                                            (2.21) 

多孔隙介質壓密理論經過 20 餘年的發展後已漸廣為應用，其中所引用的多孔介

質彈性力學參數已經容易由基本力學試驗得知。1976 年由 Rice 與 Cleary 引用流體不

排出情況下所測得的波松比ߥ௨、與 Skempton 孔隙流體壓力常數 B(即圍壓變化引起的

超額孔隙水壓變化量/圍壓變化量)，改寫 Biot 於 1941 年所建立之理論模式中所使用

的基本力學常數，所使用的基本力學常數包括ߥ୳、μ、ߣ、B。若考慮多孔介質為等向

性之飽和線彈性體，則其組成律關係可表示為： 

	߬ ൌ ߜ,ݑߣ  ,ݑ൫ߤ  ,൯ݑ െ
ଷሺఔೠିఔሻ

ሺଵିଶఔሻሺଵାఔೠሻ
ߜ                                          (2.22) 

ߠ ൌ ଷሺఔೠିఔሻ

ሺଵିଶఔሻሺଵାఔೠሻ
,ݑ 

ଽሺఔೠିఔሻሺଵିଶఔೠሻ

ଶఓమሺଵିଶఔሻሺଵାఔೠሻమ
 (2.23)                                                  

式中ߥ௨= 含水層於不排水情況下所測得之柏松比；其他各項物理量或參數符號皆與

2.6.2 節相同，其中ߥ為考慮流體在排出情況下所測得之多孔隙介質的波松比，其與力

學常數ߣ、ߤ的關係為： 

ߥ ൌ ఒ

ଶሺఒାఓሻ
                                                                                          (2.23) 

將 Darcy 定律式(2.5)、式(2.22)、式(2.23)代入力平衡方程式(2.6)與流量連續方程

式(2.7)中，則理論模式之基本方程式可表示為： 
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ሺߣ  ,ݑሻߤ  ,ݑߤ െ
ଷሺఔೠିఔሻ

ሺଵିଶఔሻሺଵାఔೠሻ
,  ݂ ൌ 0                                           (2.24) 

െ 

ఊ
, 

ଷሺఔೠିఔሻ

ሺଵିଶఔሻሺଵାఔೠሻ
ሶݑ , 

ଽሺఔೠିఔሻሺଵିଶఔೠሻ

ଶఓమሺଵିଶఔሻሺଵାఔೠሻమ
ሶ െ ݍ ൌ 0                               (2.25) 

Bear 與 Verruijt 於 1987 年引用地下水流動觀點，重新建構 Biot 三維壓密理論，

在探討地層壓密沉陷的現象時，將其變形過程視為另一種流體的流動，所以固體介質

的變化與地下流體流動需皆滿足質量守恆定理，理論模式之基本假設為： 

一、土壤完全飽和。 

二、孔隙水為可壓縮流體，並且壓縮流體密度的改變主要與孔隙水壓的改變有關。 

三、土壤之固體顆粒不可壓縮。 

四、孔隙水在孔隙中流動須符合 Darcy 定律。 

五、孔隙率 n 主要受介質之有效應力的影響。 

  根據以上假設，由質量守恆定律得知，固體介質的變化與地下流體流動需皆滿足

質量守恆定理，即： 

 ∙ ሺ݊ߩ௪ݒറ௪ሻ 
பሺఘೢሻ

ப௧
ൌ 0                                                                       (2.26) 

 ⋅ ሾሺ1 െ ݊ሻߩ௪ݒറ௦ሿ 
பሾሺଵିሻఘೞሿ

ப௧
ൌ 0                                                             (2.27) 

其中 

 ；= 固體土壤與孔隙水之密度	௪ߩ、௦ߩ

 。= 固體土壤之運動速度與孔隙水流速	റ௪ݒ、റ௦ݒ

  根據基本假設，式(2.26)、式(2.27)可改寫為： 

ߘ ⋅ ሾ݊ሺݒറ௪ െ റ௦ሻሿݒ 
డఌ

డ௧
 ߚ݊ డ

డ௧
ൌ 0	                                                           (2.28) 

其中ߝ為土壤介質之體積應變量；ߚ為孔隙水之壓縮係數，其係定義為： 
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ߚ ൌ ଵ

ఘೢ

డఘೢ
డ

                                                                                         (2.29)                 

設孔隙水的流動符合 Darcy 定律： 

݊ሺݒറ௪ െ റ௦ሻݒ ൌ െ 

ఊೢ
 (2.30)                                                                           

其中 

݇ = 含水層滲透係數； 

 。݃，݃為重力加速度	௪ߩ = ௪ = 孔隙水之單位體積重ߛ

  將 Darcy 定律式(2.30)代入式(2.28)，可將質量守恆方程式改寫為： 

െ 

ఊೢ
ଶ  డఌ

డ௧
 ߚ݊ డ

డ௧
=0                                                                        (2.31) 

再引用 Terzaghi 的有效應力觀念將多孔介質之組成律表示為： 

߬ ൌ ߝߤ2  ߜߝߣ  ߜ                                                                       (2.32) 

式中各項物理量或參數符號皆與 2.6.2 節相同，式(2.32)需滿足力平衡方程式，即

߬, ൌ 0，由應變位移的線性關係式(2.32)配合力平衡方程式，可得以介質位移和孔隙

水壓力為變數之基本方程式： 

ݑଶߘߤ  ߟሺ2ߤ െ 1ሻߝ, െ , ൌ 0                                                                (2.33) 

式中ߟ	= 
ଵିఔ

ଵିଶఔ
。式(2.31)與式(2.33)構成飽和等向性多孔介質之基本方程式。 

 

2.7 結語 

本研究是採用數學模擬方式，研討出抽水所引致地層下陷問題之三維壓密解析解，

附 166



 

32 
 

故針對地層下陷相關議題進行深入之文獻回顧。於後續研究中，擬將含水層模擬為一

飽和之半無線域多孔介質，再採用呂志宗(1991)所研討出之點抽水所引致的三維壓密

沉陷基本解，探討線形抽水所引起的地表垂直位移、水平位移與超額孔隙水壓。研究

過程中，需引用符號運算軟體 Mathematica 做適當之線積分運算，故亦針對該軟體之

優缺點進行深入的研討，相關之應用將呈現於論文第三章與第四章。 
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第三章 數學模式分析結果 

3.1 前言 

本章節係引用呂志宗(1991)的研究成果進行後續之相關研究，其研究是採用積分

轉換方法對點抽水問題之數學模式進行解析，推導出半無限域地層受點抽水影響之穩

態及暫態基本解。本文擬採用其所推導出之點抽水問題的穩態基本解，進一步研討出

線狀抽水問題之穩態閉合解。本文是將地層模擬成均質等向性之線彈性飽和多孔介質，

分別將地表邊界模擬成透水與不透水邊界兩種情況，然後做適當之座標轉換與線積分，

再於第四章進行參數影響分析。所研討出之結果包括抽水所引起的地表最大垂直暨水

平位移量及其發生位置，關於地層孔隙水壓之變化情況亦加以探討。 

 

3.2 點抽水問題之閉合解 

3.2.1 準備工作 

本文所考慮的基本假設為： 

一、 模擬地層為均質之線彈性飽和多孔隙介質，分別考慮地層之力學行為與滲流性質

皆為等向性，等向性係指地層於任意方向的性質皆相同。 

二、 忽略與時間有關之暫態行為，僅考慮穩態情況下，地層長期壓密行為與滲流行為

之變化，故問題之數學模式與時間變數無關。 

三、 考慮孔隙水滲流遵守 Darcy 定律與質量守恆定律，地層力學行為變化服從牛頓第

二定律、地層組成律與虎克定律等，且地層之壓密行為適於以線彈性飽和多孔介

質彈性力學理論進行數學模擬。 

四、 考慮抽水強度與抽水速率恆保持定值，抽水時假設含水層中之地下水補注量與抽

水量相等，故可考慮抽水行為持續且不間斷。 

五、 模擬地層為一半無限域，地表邊界為一無限延伸之水平面。若抽水所引致三維壓

密沉陷問題之擾動效應、尺度效應及邊界效應等，符合一定距離以外對含水層的
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影響已相當微小的考量時，半無限域地層的模擬方式即適用於現地情況。 

六、 考慮地表邊界為完全透水與完全不透水兩種邊界情況，是因考慮地表面可能會覆

蓋著綠地、景觀植物、透水磚等透水性較佳之材料，故可將地表邊界模擬為透水

情況；另外，也考慮地表邊界有可能大範圍鋪設柏油、混凝土或是有地上物等不

利於水滲漏至地表以下之情況，故將地表模擬為不透水情況較為合適。 

七、 地表之力學邊界條件則考慮為無應力變化情況，其意係指地表面之受力無增加或

減少的情況。 

本文是將地層模擬為一半無限域，再討論抽水時所引致之地層力學與滲流行為等，

因係考慮地層之長期壓密沉陷行為，所以在數學模式中並不考慮時間因素的影響。今

若考慮地表邊界上(z = 0)無應力變化且為透水情況，則地表邊界條件可表示為： 

,ݎᇱ௭ሺߪ 0ሻ ൌ ܩ ቂడ௨ೝ
ሺ,ሻ

డ௭
 డ௨ሺ,ሻ

డ
ቃ ൌ 0                                (3.1a) 

,ݎᇱ௭௭ሺߪ 0ሻ ൌ
ଶீ

ଵିଶఔ
ቂడ௨ೝ

ሺ,ሻ

డ
 డ௨ೝሺ,ሻ

డ
ቃ  ଶீሺଵିఔሻீ

ଵିଶఔ

డ௨ሺ,ሻ

డ௭
ൌ 0                 (3.1b) 

,ݎሺ 0ሻ ൌ 0                                                      (3.1c) 

其中ሺݎ, 0ሻ ൌ 0亦可解釋為地表邊界上無壓力差或孔隙水壓可完全消散情況。 

若將地表邊界模擬為無應力變化且為不透水情況，則地表邊界條件可表示為： 

,ݎᇱ௭ሺߪ 0ሻ ൌ ܩ ቂడ௨ೝ
ሺ,ሻ

డ௭
 డ௨ሺ,ሻ

డ
ቃ ൌ 0                                (3.2a) 

,ݎᇱ௭௭ሺߪ 0ሻ ൌ
ଶீ

ଵିଶఔ
ቂడ௨ೝ

ሺ,ሻ

డ
 డ௨ೝሺ,ሻ

డ
ቃ  ଶீሺଵିఔሻீ

ଵିଶఔ

డ௨ሺ,ሻ

డ௭
ൌ 0                 (3.2b) 

డሺ,ሻ

డ௭
ൌ 0                                                      (3.2c) 

以下針對式(3.2c)中
డሺ,ሻ

డ௭
ൌ 0之工程意義加以說明，由 Darcy 定律 Q = kiA 且壓力梯

度 i = െడሺ,௭ሻ

డ௭
得知，Darcy 定律式可改寫為 Q = kడ

ሺ,௭ሻ

డ௭
A。當考慮地表邊界無滲流
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量 Q 時，因地層滲透係數 k 不為零，且水流通過的截面積 A 之值亦不為零，故 Darcy

定律式中之
డሺ,௭ሻ

డ௭
ൌ 0，亦即在不透水邊界上的超額孔隙水壓之壓力梯度為零或孔隙

水壓呈無法消散之情況。 

為解析出問題之閉合解，數學模式中需建立另一組合理之無限深遠處(ݖ → ∞)的

合適邊界條件。因含水層是模擬為一半無限域，故在無限深遠處之所有物理變量可考

慮為均不受抽水的影響，亦即： 

lim௭→ஶሼݑሺݎ, ሻሽݖ → 0                                              (3.3a) 

lim௭→ஶሼݑ௭ሺݎ, ሻሽݖ → 0                                              (3.3b) 

lim௭→ஶሼሺݎ, ሻሽݖ → 0                                              (3.3c) 

本文是考慮未抽水前，問題之初始應力、位移、超額孔隙水壓等均處於平衡狀態，

開始抽水後會形成一擾動作用源，此擾動作用源會引起地層之三維壓密沉陷現象，本

研究是擬探討長期穩定抽水所引起的含水層水平位移、垂直位移和超額孔隙水壓等，

故問題之數學模式與時間變數無關聯。當抽水作用發生時，因含水層中之孔隙流體壓

力下降時，會伴隨有效應力逐漸增加，故引致含水層的壓密沉陷現象。 

本文是將含水層模擬為等向性，所謂的等向性含水層是指含水層於任意方向的性

質皆相同。如式(3.1c)與式(3.2c)所示，本文是將地表模擬為透水與不透水兩種情況。

將地表模擬為透水情況的考慮，是因為地表可能會覆以透水磚、綠地或景觀植物等；

而將地表模擬為不透水情況時，則是考慮地表可能覆蓋著柏油路、混凝土或建築物等。

針對以上兩種情況進行分析與探討，將有助於進一步了解抽水所引致之壓密沉陷問

題。 

 

3.2.2 點抽水之問題之解 

本研究根據呂志宗(1991)所研討出之點抽水問題的基本解進行後續之研討，茲考

慮將座標 z 軸通過抽水點，則問題可簡化為軸對稱問題，故可以軸對稱圓柱座標系統

(r,z)表示三維壓密理論之基本方程式，所分析之點抽水問題如圖 3.1 所示。 
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如前所述，含水層力學行為與滲流性質均模擬為等向性。基於此，當地表模擬為

透水情況時，含水層因抽水所引致之水平位移、垂直位移和超額孔隙水壓等可分別表

示為： 

,ݎሺݑ ሻݖ ൌ
ொఊೢ

ଵగீఎ
െ 

ோሺభሻ
 

ோሺೌሻ
∗ െ ଶఎାଵ

ଶఎିଵ



ோሺೌሻோሺೌሻ
∗  ௭

ோሺೌሻோሺೌሻ
∗  ଶ௭

ோሺೌሻ
య ൨              ( 3 . 4a ) 

,ݎ௭ሺݑ ሻݖ ൌ
ொఊೢ

ଵగீఎ
െ ௭ି

ோሺభሻ
 ଶఎାଵ

ଶఎିଵ



ோሺೌሻ
 ௭

ோሺೌሻ
 ଶ௭ሺ௭ାሻ

ோሺೌሻ
య ൨                    (3 .4b) 

,ݎሺ ሻݖ ൌ െொఊೢ
ସగ

 ଵ

ோሺభሻ
െ ଵ

ோሺೌሻ
൨																															                           (3 .4c) 

其中 

 ； = 含水層之水平位移ݑ

 ；௭ = 含水層之垂直位移ݑ

 ；超額孔隙水壓 =  

 ；水平距離座標變數 =  ݎ

 ；垂直距離座標變數 =  ݖ

݄  = 抽水深度； 

ܳ  = 點抽水量； 

 ；௪ = 水的單位重ߛ

 ；含水層之剪力模數(Shear Modulus) =  ܩ

 ；柏松比(Poisson Ratio) =  ߥ

 =  ߟ
ଵିఔ

ଵିଶఔ
； 

݇  = 含水層之滲透係數； 

ܴሺଵሻ=ඥݎଶ  ሺݖ െ ݄ሻଶ； 

ܴሺଵሻ
∗ =ඥݎଶ  ሺݖ െ ݄ሻଶ+|ݖ െ ݄|； 

ܴሺሻ=ඥݎଶ  ሺݖ  ݄ሻଶ； 
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ܴሺሻ
∗ =ඥݎଶ  ሺݖ  ݄ሻଶ  ݖ  ݄。 

當地表模擬為不透水情況，仍考慮含水層力學與滲流性質均模擬為等向性，則抽

水所引致含水層之水平位移、垂直位移和超額孔隙水壓等可分別表示為： 

,ݎሺݑ ሻݖ ൌ
ொఊೢ

ଵగீఎ
െ 

ோሺభሻ
 

ோሺೌሻ
∗ െ ଶఎାଵ

ଶఎିଵ



ோሺೌሻோሺೌሻ
∗  ሺെ4ߟ  1ሻ ௭

ோሺೌሻோሺೌሻ
∗  ଶ௭

ோሺೌሻ
య ൨       (3.5a) 

,ݎ௭ሺݑ ሻݖ ൌ 
ொఊೢ

ଵగீఎ
െ ௭ି

ோሺభሻ
 ଶఎାଵ

ଶఎିଵ



ோሺೌሻ
 ሺെ4ߟ  1ሻ ௭

ோሺೌሻ
 ଶ௭ሺ௭ାሻ

ோሺೌሻ
య  ߟ4 sinhିଵ ௭ା


൨	ሺ3.5bሻ 

,ݎሺ ሻݖ ൌ െொఊೢ
ସగ

 ଵ

ோሺభሻ
 ଵ

ோሺೌሻ
൨                                         (3.5c) 

其中所示各項物理量或參數符號皆與式(3.4a)~(3.4c)相同。以上所示點抽水問題之基

本解，可作為本文後續探討如圖 3.2 所示線狀抽水問題之基礎。 

 

h
z

r

Saturated Poroelastic
Half Space

Point Sink

Pervious/Impervious Surface

 
圖 3.1 點抽水問題示意圖 
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s

L

z

r

Saturated Poroelastic
Half Space

Line Sink

Pervious/Impervious Surface

h

 
圖 3.2 線狀抽水問題示意圖 

 

3.3 線狀抽水問題之解 

為推求如圖 3.2 所示之含水層受線狀抽水影響時的穩態閉合解，可先考慮在線上

取 ds 的長度（相當於點抽水之元素）、線抽水之強度為 q（單位：m3/sm）、地表至點

抽水元素之距離為 s，則 qds 相當於點抽水之強度 Q（單位：m3/s），s 相當於點抽水

深度 h。只要再針對線狀抽水長度進行積分，即可研討出線狀抽水問題的閉合解，解

析過程會使用 Mathematica 數學符號運算軟體進行積分運算。 

  茲考慮線狀抽水長度為 L，基於式(3.4a)~(3.4c)、式(3.5a)~(3.5c)，將其中之符號

Q 改寫為 qds、變數 h 改寫為 s，且ܴሺଵሻ=ඥݎଶ  ሺݖ െ ܴ、ሻଶݏ ሺଵሻ
∗ =ඥݎଶ  ሺݖ െ ݖ|+ሻଶݏ െ 、|ݏ

ܴሺሻ=ඥݎଶ  ሺݖ  ሻଶ。基於此，再對其中之變數ݏ s 進行[h-L,h]範圍之線積分，即可研

討出線狀抽水所引起的地層水平位移、垂直位移和超額孔隙水壓，如以下所示： 

,ݎሺݑ ሻݖ ൌ
ఊೢ

ଵగீఎ
 ሺെ 

ோሺభሻ
 

ோሺೌሻ
∗ െ ଶఎାଵ

ଶఎିଵ

௦

ோሺೌሻோሺೌሻ
∗  ௭

ோሺೌሻோሺೌሻ
∗  ଶ௦௭

ோሺೌሻ
య ሻ݀ݏ


ି           (3.6a) 

,ݎ௭ሺݑ ሻݖ ൌ
ఊೢ

ଵగீఎ
 ሺെ ௭ିୱ

ோሺభሻ
 ଶఎାଵ

ଶఎିଵ

௦

ோሺೌሻ
 ௭

ோሺೌሻ
 ଶ௦௭ሺ௭ାୱሻ

ோሺೌሻ
య


ି ሻ݀ݏ                 (3.6b) 

,ݎሺ ሻݖ ൌ െ ఊೢ
ସగ

 ሺ ଵ

ோሺభሻ
െ ଵ

ோሺೌሻ
ሻ݀ݏ


ି                                    (3.6c) 
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其中 

ܴሺଵሻ=ඥݎଶ  ሺݖ െ  ；ሻଶݏ

ܴሺଵሻ
∗ =ඥݎଶ  ሺݖ െ ݖ|+ሻଶݏ െ  ；|ݏ

ܴሺሻ=ඥݎଶ  ሺݖ   ；ሻଶݏ

ܴሺሻ
∗ =ඥݎଶ  ሺݖ  ሻଶݏ  ሺݖ   。ሻݏ

  式(3.6a)~(3.6c)進行線積分之結果如以下所示： 

,ݎሺݑ ሻݖ ൌ
ఊೢ
଼గீఎ

൜
యା௭మା൫మିଶ௭మ൯ିଶ௭൫మା௭మ൯

ோశ
െ

ଶൣሺିሻయା௭ሺିሻమା൫మିଶ௭మ൯ሺିሻିଶ௭൫మା௭మ൯൧

ோశషಽ




ଶ
݈݊

ඥమାሺ௭ିାሻమିሺ௭ିାሻ

ඥమାሺ௭ିሻమିሺ௭ିሻ
 ሺ1 െ ሻ݈݊ߥ2

ோశషಽ
∗

ோశ
∗ ൨ 

ଷ൫ோమାమ൯ାସ௭

ோశ
െ

ଷൣோమାሺିሻమ൧ାସሺିሻ௭

ோశషಽ
ൠ                                             (3.7a) 

,ݎ௭ሺݑ ሻݖ ൌ
ఊೢ

ଵగீఎ
൜ܴ௭ି െ ܴ௭ିା  ߥ4 ൬ܴ௭ାି െ ܴ௭ା  ݈݊ݖ

ோశ
∗

ோశషಽ
∗ ൰ 

ଷ൫ோమାమ൯ାସ௭

ோశ
െ

ଷൣோమାሺିሻమ൧ାସሺିሻ௭

ோశషಽ
ൠ                                             (3.7b) 

,ݎሺ ሻݖ ൌ ఊೢ
ସగ

ሼlnሺܴ௭ା
∗ ∗ ܴ௭ି

∗ ሻ  ݈݊
ோశషಽ
∗

ோషషಽ
∗ ሽ                              (3.7c) 

式中 

ܴ ൌ ଶݎ√  ݅ଶ，݅ ൌ ݖ、ݖ  ݖ、݄ െ ݖ、݄  ݄ െ ݖ、ܮ െ ݄   ；ܮ

ܴ
∗ ൌ ܴ  ݅，݅ ൌ ݖ  ݖ、݄  ݄ െ  。ܮ

其餘各項物理量或參數符號皆與 3.2 節相同。 

若考慮地表為不透水情況，則線狀抽水所引致的地層水平位移、垂直位移、和超

額孔隙水壓可表示為： 

,ݎሺݑ ሻݖ ൌ
ఊೢ
଼గீఎ

൜
యା௭మା൫మିଶ௭మ൯ିଶ௭൫మା௭మ൯

ோశ
െ

ଶൣሺିሻయା௭ሺିሻమା൫మିଶ௭మ൯ሺିሻିଶ௭൫మା௭మ൯൧

ோశషಽ
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ଶ
݈݊

ඥమାሺ௭ିାሻమିሺ௭ିାሻ

ඥమାሺ௭ିሻమିሺ௭ିሻ
 ሺ1 െ ሻ݈݊ߥ2

ோశషಽ
∗

ோశ
∗ ൨ 

ଷ൫ோమାమ൯ାସ௭

ோశ
െ

ଷൣோమାሺିሻమ൧ାସሺିሻ௭

ோశషಽ
ൠ                                             (3.8a) 

,ݎ௭ሺݑ ሻݖ ൌ
ఊೢ

ଵగீఎ
൜ܴ௭ି െ ܴ௭ିା  ߥ4 ൬ܴ௭ାି െ ܴ௭ା  ݈݊ݖ

ோశ
∗

ோశషಽ
∗ ൰ 

ଷ൫ோమାమ൯ାସ௭

ோశ
െ

ଷൣோమାሺିሻమ൧ାସሺିሻ௭

ோశషಽ
ൠ                                             (3.8b) 

,ݎሺ ሻݖ ൌ ఊೢ
ସగ

ሾlnሺܴ௭ା
∗ ∗ ܴ௭ି

∗ ሻ െ ݈݊
ோశషಽ
∗

ோషషಽ
∗ ሿ                              (3.8c) 

其中所示各項物理量或參數符號皆與 3.2 節相同。 

 

3.4 最大地表位移 

3.4.1 點抽水問題之地表最大垂直位移 

   本文是考慮地層力學與滲流性質均模擬為等向性，若地表模擬為透水情況，則地

表最大垂直位移發生於地表對稱軸位置上，即0 = ݖ、0 = ݎ 位置上。由式(3.4b)知地

表最大垂直沉陷量ݑ௭	௫為： 

௫	௭ݑ ൌ ௭ሺ0,0ሻݑ ൌ
ொఊೢሺଵିଶఔሻ

ସగீ
                                        (3.9) 

由上式獲悉，地表最大垂直位移主要是受抽水量 Q、地層剪力模數 G、含水層滲透係

數 k、地層柏松比ߥ等各項參數的影響。 

   若考慮地表為不透水情況，則地表最大垂直位移亦發生於地表對稱軸位置上，由

式(3.5b)可知地表最大垂直沉陷量ݑ௭	௫為： 

௫	௭ݑ ൌ lim→ ݑ 	௭ሺݎ, 0ሻ ൌ lim
→

ொఊೢ
ସగீ

 ଵିଶఔ

ටଵାሺ
ೝ

ሻమ
െ sinhିଵሺ ଵೝ



ሻ                 (3.10) 
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其中所示各項物理量或參數符號皆與 3.2 與 3.3 節相同。 

 

3.4.2 點抽水問題之地表最大水平位移 

  由式(3.4a)與式(3.5a)得知，當考慮地表水平位移問題時，可考慮其中之垂直座標

變數 z = 0，且依所建立之數學模式，無論模擬地表為透水或是不透水，所研討出之

地表水平位移的閉合解皆相同。因地表最大水平位移發生位置之斜率為零，故尋找地

表最大水平位移發生位置的方法是對地表水平位移曲線中之變數 r 作微分，然後讓微

分結果為零。基於此，發現地表最大水平位移發生位置與黃金比例߶有相關，即當地

表面ݎ ൌ 	ඥ߶݄時，會發生地表最大水平位移。而所引起的地表最大水平位移量ݑ	௫

為： 

௫	ݑ ൌ ,݄߶൫ඥݑ 0൯ ൌ െொఊೢሺଵିଶఔሻ

ସగீ

ଵ

థమ.ఱ
                               (3.11) 

其中之負號表示地表水平位移會朝對稱軸方向移動；黃金比例߶可表為： 

߶ ൌ ଵା√ହ

ଶ
ൌ 	ඥ1  ߶ ൌ 	1  ଵ

ଵା భ

భశ
భ

భశ
భ
…

ൌ ඨ1  ට1  ඥ1  √1 ⋯            (3 .12) 

 

3.4.3 線狀抽水問題之地表最大垂直位移 

若考慮地表為透水情況，則線狀抽水問題之地表垂直位移可由令式(3.7b)中之變

數0 = ݎ 推導出，結果如以下所示： 

,ݎ௭ሺݑ 0ሻ ൌ
ఊೢሺଵିଶఔሻ

ସగீ
ቂ√ݎଶ  ݄ଶ െ ඥݎଶ  ሺ݄ െ )             ሻଶቃܮ 3 . 1 3 ) 

再令其中之變數 z = 0，即可推導出地表模擬為透水情況下，線狀抽水所引致之地表

最大垂直位移量ݑ௭௫ 	ሺୀሻ： 
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ሺୀሻ	௫	௭ݑ ൌ ௭ሺ0,0ሻݑ ൌ
ఊೢሺଵିଶఔሻ

ସగீ
ሾh െ |݄ െ ሿ|ܮ ൌ ఊೢሺଵିଶఔሻ

ସగீ
	            (3.14) 

若地表模擬為不透水情況，則線抽水問題之地表垂直位移可由令式(3.8b)中之變

數0 = ݎ 推導出： 

,ݎ௭ሺݑ 0ሻ ൌ
ఊೢ
ସగீ

ቂ2ߥඥݎଶ  ሺ݄ െ ሻଶܮ െ ଶݎ√ߥ2  ݄ଶ  ଵି݄݊݅ݏ 

 ሺܮ െ ݄ሻି݄݊݅ݏଵ ି


ቃ                

(3.15) 

再令其中之變數 z = 0，即可推導出地表模擬為不透水情況下，線狀抽水所引致之地

表最大垂直位移ݑ௭	௫		ሺୀሻ： 

ሺୀሻ	௫	௭ݑ ൌ ௭ሺ0,0ሻݑ ൌ lim→
ఊೢ
ସగீ

ቂ2ߥඥݎଶ  ሺ݄ െ ሻଶܮ െ ଶݎ√ߥ2  ݄ଶ  ଵି݄݊݅ݏ 



ሺܮ െ ݄ሻି݄݊݅ݏଵ ି

ቃ                                              (3.16) 

式(3.13)~(3.16)中各項物理量或參數符號之定義皆與 3.2 節相同。 

 

3.4.4 線狀抽水問題之地表最大水平位移 

由 3.4.2 節的研討知，地表模擬為透水或不透水情況下之地表水平位移的解皆相

同，今令式(3.7a)或(3.8a)中之垂直座標變數 z = 0 得知： 

,ݎሺݑ 0ሻ ൌ െఊೢሺଵିଶఔሻ

଼గீ

ሺଶିሻ


െ √మାమ




ሺିሻඥమାሺିሻమ


 ݈݊ݎ

√మାమା

ඥమାሺିሻమାି
൨  

(3.17) 

式中各項物理量或參數符號之定義皆與 3.2 節相同。理論上仍可引用 3.4.2 節的方法

尋找地表最大水平位移發生位置及地表最大水平位移量，亦即可考慮地表最大水平位

移發生位置之斜率應為零，故尋找地表最大水平位移發生位置的方法應是對地表水平

位移曲線式(3.17)中之變數 r 作微分，然後讓微分結果為零。然而對式(3.17)進行微分

附 177



 

43 
 

後發現，其微分結果較為複雜，初步研判應無法像尋找點抽水所引致之地表最大水平

位移一般，整理出可以簡單函數及黃金比例方式加以表達的關係式，此一部分之研討，

尚待後續之研究繼續加以努力。 

 

3.5 結語 

本章節係根據點抽水問題之基本解，分別研討出模擬地表為透水與不透水兩種情

況時，長期抽水所引致的穩態壓密沉陷問題的閉合解，其中關於抽水井之抽水是模擬

為線狀抽水型態，所研討出之解包括抽水所引起的地層垂直位移、水平位移與超額孔

隙水壓變化等，並進一步推求出所引致之地表最大沉陷量、最大水平位移量及其發生

位置，於下一章節中將進一步進行參數影響分析。 
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第四章 參數影響分析 

4.1 前言 

為清楚了解各種參數對數值結果的影響，本章擬根據前章所推導出之結果進行參

數影響分析，研討過程會盡量採用無因次化的原則，因為無因次化的圖表可以增加各

種圖表的代表性與應用範圍。本研究是將地層力學性質與滲透行為均模擬為等向性，

而地表邊界則分別模擬為完全透水與完全不透水兩種情況，所繪製的圖表內容包括點

抽水與線狀抽水問題所導致的地表垂直位移量、水平位移量與地層超額孔隙水壓等，

研究結果可作為工程應用上之參考。 

本文在進行地表水平暨垂直位移量之無因次化時，乃是以地表模擬為透水邊界時

之最大沉陷量ݑ௭	௫為無因次化的基準量。點抽水問題之部分繪圖結果與參考文獻 

(Booker 和 Carter，1986)中之圖表相似，故亦會與該文獻之繪圖結果加以比較，以確

定本章之各項研究結果正確無誤。關於無因次化之基準量不考慮不透水地表面上之最

大沉陷量的原因，是因在該不透水條件下，其地表最大沉陷量會有發散情況。 

由表 4.1 與表 4.2 得知，不同性質土壤之柏松比的變化範圍約為 0.15 至 0.5 之間，

因此於參數影響分析的過程中，地層柏松比ߥ擬分別考慮為 0.15、0.2、0.25、0.3、0.35、

0.4、0.45、0.4999 等八種情況，如圖 2.4 之抽水井，經訪查得知，其井深 h 約 65 公

尺、取水長度 L 約 10 公尺，亦即取水長度與井深的比值ܮ ݄⁄ 約為 0.15。本章在進行

參數影響分析時，擬將取水長度ܮ與井深݄的比值ܮ ݄⁄ 分別模擬為 0.1、0.3、0.5、0.8、

1.0 等五種情況。 

 

表 4.1 土壤之柏松比範圍（Das，2008） 

土壤種類 柏松比範圍 

疏鬆砂(Loose Sand)  0.2~0.4 

中等緊密砂(Medium Dense Sand)  0.25~0.4 

緊密砂(Dense Sand)  0.3~0.45 

粉土質砂(Silty Sand) 0.2~0.4 

砂及礫石(Sand and Gravel)  0.15~0.35 
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表 4.2 黏土之柏松比範圍（施俊如，2000） 

土壤種類 柏松比範圍 

軟黏土(Soft Clay) 0.15~0.25 

中等黏土(Medium Clay) 0.2~0.5 

 

4.2 等向性半無限域之點抽水問題探討 

4.2.1 地表模擬為透水情況時點抽水所引致之地表垂直位移 

本單元擬根據第三章之說明，討論點抽水所引致之地表（z = 0）垂直位移，該地

表垂直位移即為地盤下陷量。茲引用無因次化的概念，並以地表模擬為透水邊界時之

最大沉陷量ݑ௭	௫為無因次化的基準量，則可將由式(3.4b)所得出之地表垂直位移予

以無因次化。另外，由式(3.9)知，地表模擬為透水時之最大地表沉陷量ݑ௭	௫ ൌ

ொఊೢሺଵିଶఔሻ

ସగீ
。基於此，可得： 

௨ሺ,ሻ

௨	ೌೣ	୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ௨ሺ,ሻ

௨ሺ,ሻ
ൌ ଵ

ටቀೝ

ቁ
మ
ାଵ

                     (4.1) 

本文是採用 Mathematica 軟體進行繪圖，茲代入適當之水文地質參數後，可繪出

圖 4.1，由圖 4.1 可知，單點抽水所引起的地表最大垂直位移發生在地表ݎ ൌ 0的對稱

軸位置上。 

 

4.2.2 地表模擬為透水或不透水情況時點抽水所引致之地表水平位移 

本單元擬根據第三章之說明，討論點抽水所引起的地表水平位移。由第三章之研

討知，地表邊界模擬為透水與不透水兩種邊界時，所研討出之地表水平位移完全相同，

因此可一併討論之。本單元仍以地表邊界模擬為透水時之最大沉陷量ݑ௭	௫為無因次

化的基準量，基於此，無因次化之地表水平位移可表為： 
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௨ೝሺ,ሻ

௨	ೌೣ	୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ௨ೝሺ,ሻ

௨ሺ,ሻ
ൌ െ 

√మାమ൫√మାమା൯
ൌ െ

ೝ


ටቀೝ

ቁ
మ
ାଵቆටቀೝ


ቁ
మ
ାଵାଵቇ

   (4.2) 

茲引用 Mathematica 軟體進行 2D 繪圖，所得結果如圖 4.2 所示。由圖 4.2 與 3.4.2

節的討論知，單點抽水所引致地表最大水平位移位於ݎ ൌ ඥ߶݄ ⋍ 1.272݄的位置上，且

地表最大水平位移量約為最大地表最大沉陷量的 0.3 倍。另外，由式(3.11)知，地表

模擬為透水或不透水時之最大地表水平位移量ݑ	௫ ൌ ,݄߶൫ඥݑ 0൯ ൌ െொఊೢሺଵିଶఔሻ

ସగீ

ଵ

థమ.ఱ
。 

 

4.2.3 地表模擬為不透水情況時點抽水所引致之地表垂直位移 

如 4.2.1 單元所引述的概念，擬以地表模擬為透水邊界時之最大沉陷量ݑ௭	௫為

無因次化的基準量，茲先引用式(3.5b)得出地表垂直位移再予以無因次化，可得： 

௨ሺ,ሻ

௨	ೌೣ	୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ௨ሺ,ሻ

௨ሺ,ሻ
ൌ ଵ

ටቀೝ

ቁ
మ
ାଵ
െ ଵ

ଵିଶఔ
sinhିଵ ଵ

ೝ


	                    (4.3) 

再引用Mathematica軟體進行2D繪圖，模擬含水地層之柏松比ߥ分別為0.15、0.2、

0.25、0.3、0.35、0.4、0.45、0.4999，研討結果如圖 4.3~4.10 所示。由圖 4.3~4.10 知，

柏松比ߥ越大時，抽水所引起的地表沉陷量會越大；又當ߥ ൌ 0.4999（即接近 0.5）時，

模式分析所得之不透水地表邊界之沉陷量相當大，其原因可由波松比ߥ的定義得知：

當波松比ߥ變大時，有較大的變形，故反映出較大之地表沉陷量。本文於後續相關之

研討，將不再考慮ߥ ൌ 0.4999的情況。由圖 4.3 得知，當含水層之柏松比ߥ較小(ߥ	0.15 =)

且地表模擬為完全不透水邊界時，抽水所引致之最大沉陷量約為地表模擬為完全透水

邊界時的 6 倍；又由圖 4.9 知，當含水層之柏松比ߥ	0.45 = 且地表模擬為完全不透水

邊界時，抽水所引致的最大沉陷量約為地表模擬為完全透水邊界時的 43 倍，亦即當

含水層之柏松比由ߥ	0.15 = 增至ߥ	0.45 = 時，點抽水所引起的沉陷量約增加 7 倍。由

以上研討知，地表滲流邊界條件的考慮方式，以及含水地層的柏松比之模擬方式，均
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對點抽水所引致的地表沉陷有相當顯著的影響。 

圖 4.11 是地表模擬為透水與不透水情況時，點抽水所引致的地表沉陷量之比較

圖，由圖 4.11 知：(1)不透水情況下點抽水所引致的地表沉陷會較大，這是因為當地

表面模擬為不透水邊界時，抽水會引起較大之負的超額孔隙水壓力，導致含水層之有

效應力增加較多，故地表沉陷量會變大。(2)地層柏松比越大，抽水所引致的地表沉

陷量會越大，這是因為含水層之柏松比變大時，地層較容易產生變形，故反映出較大

之地表沉陷量。 

 

4.3 等向性半無限域之線狀抽水問題探討 

4.3.1 地表模擬為透水情況時線狀抽水所引致之地表垂直位移 

本單元亦擬根據第三章之說明，討論點抽水所引致之地表（z = 0）垂直位移。茲

引用無因次化的概念，並以抽水長度 L 等於水井深度 h 時，地表模擬為透水邊界下之

最大沉陷量ݑ௭	௫	ሺୀሻ為無因次化的基準量，則可將由式(3.7b)所得出之地表垂直位

移予以無因次化。基於此，可得： 

௨ሺ,ሻ

௨	ೌೣ	ሺಽసሻ୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ටቀ


ቁ
ଶ
 1 െ ටቀ


ቁ
ଶ
 ቀ1 െ 


ቁ
ଶ
                 (4.4) 

由式(3.14)知，ݑ௭	௫	ሺୀሻ ൌ
ఊೢሺଵିଶఔሻ

ସగீ
。 

於進行參數影響分析時，擬考慮取水長度ܮ與井深݄的比值ܮ ݄⁄ 分別為 0.1、0.3、

0.5、0.8、1，所得結果如圖 4.12 ~4.17 所示。當線抽水強度ܮ ݄⁄  = 1 時，會在地表產

生最大沉陷量ݑ௭	௫	ሺୀሻ，即地表沉陷量與抽水強度ܮ ݄⁄ 有關。由圖 4.12的觀察得知，

當線抽水強度ܮ ݄⁄  = 0.1 時，地表沉陷量約為地表最大沉陷量ݑ௭	௫	ሺୀሻ的 0.005 倍；

又由圖 4.15 的觀察得知，當線抽水強度ܮ ݄⁄  = 0.8 時，地表沉陷量約為地表最大沉陷

量ݑ௭	௫	ሺୀሻ的 0.4 倍。圖 4.17 是將上述五個參數的影響繪製在一起，由此圖可知，

當線抽水強度由ܮ ݄⁄  = 0.8 增至 1.0 時，抽水所引致的最大地表沉陷量約會增加 1.5
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倍。 

圖 4.18 為透水情況下點抽水與線狀抽水所引致沉陷量的比較，比較過程中是考

慮點抽水的抽水量 Q 等於所對應之線狀抽水的抽水量 qL（且模擬ܮ ݄⁄ ൌ 1）。由圖 4.18

可知，若所考慮的抽水量相同，則在對稱軸上點抽水與線狀抽水所引起的最大沉陷量

會相同，但除了對稱軸位置以外之地表面，所呈現的地層下陷均以點抽水情況較嚴重，

例如在 r/h = 1 之地表面位置上，地表沉陷量結果約有兩倍的差距。 

 

4.3.2 地表模擬為不透水情況時線狀抽水所引致之地表垂直位移 

如4.3.1單元所引述的概念，擬以地表模擬為透水邊界時之最大沉陷量ݑ௭	௫		ሺୀሻ

為無因次化的基準量，茲引用由式(3.8b)所得出之地表垂直位移並予以無因次化，可

得： 

௨ሺ,ሻ

௨	ೌೣ	ሺಽసሻ	୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ଵ

ಽ


ଵ

ሺଵିଶఔሻ
ሼ2ߥ ቆටቀ


ቁ
ଶ
 ൬1 െ ቀ


ቁ
ଶ
൰ െ ටቀ


ቁ
ଶ
 1ቇ 

sinhିଵ ଵ
ೝ


 ሺ

െ 1ሻsinhିଵ

ଵିಽ


ೝ


ሽ                                       (4.5) 

由式(3.14)的研討知，上式中之ݑ௭	௫	ሺୀሻ ൌ
ఊೢሺଵିଶఔሻ

ସగீ
。 

於進行參數影響分析時，考慮取水長度ܮ與井深݄的比值ܮ ݄⁄ 分別為 0.1、0.3、0.5、

0.8、1，含水層之柏松比ߥ則分別模擬為 0.15、0.2、0.25、0.3、0.35、0.4、0.45，所

得結果如圖 4.19~圖 4.58 所示。當取水長度ܮ與井深݄的比值ܮ ݄⁄ 0.45~0.1 = ߥ	、0.1 = 

時相關之沉陷量數值變化結果如圖 4.19~圖 4.26 所示；ܮ ݄⁄ 0.45~0.1 = ߥ		、0.3 =  時，

相關之沉陷量數值變化結果如圖 4.27~圖 4.34 所示。依此類推，ܮ ݄⁄  = ߥ	、0.5 = 

0.1~0.45 時，相關之沉陷量數值變化結果如圖 4.35~圖 4.42 所示；ܮ ݄⁄  = ߥ		、0.8 = 

0.1~0.45 時，相關之沉陷量數值變化結果如圖 4.43~圖 4.50 所示；ܮ ݄⁄  = ߥ		、1 = 

0.1~0.45 時，相關之沉陷量數值變化結果如圖 4.51~圖 4.58 所示。 

圖4.19~圖4.58之圖組的討論過程中，是分別固定取水長度ܮ與井深݄的比值ܮ ݄⁄ ，

附 183



 

49 
 

再改變含水層之柏松比。而圖 4.59~圖 4.65 的討論方式，則是分別固定含水層之柏松

比，再改變取水長度ܮ與井深݄的比值ܮ ݄⁄ 。基於此，圖 4.59~圖 4.65 均係討論含水層

柏松比ߥ	0.45~0.15 = 時，取水長度ܮ與井深݄的比值ܮ ݄⁄ 分別為 0.1、0.3、0.5、0.8、1.0

時，線狀抽水所引起的壓密沉陷行為。 

各項數值結果均呈：(1)含水層之柏松比增加時地表沉陷量也增加，這是因為含

水層之柏松比變大時，地層較容易產生變形，故反映出較大之地表沉陷量。(2)取水

長度ܮ與井深݄的比值ܮ ݄⁄ 增加時，地表沉陷量也呈增加的現象，這是因為取水長度ܮ增

加時，抽水量也會增加，故壓密沉陷量也會增加。例如由圖 4.58 知，當模擬取水長

度ܮ與井深݄的比值ܮ ݄ ൌ 1⁄ 、含水層之柏松比ߥ ൌ 0.45時，抽水所引致的地表沉陷量

約為模擬含水層之柏松比ߥ ൌ 0.35時的兩倍。又由圖 4.65 知，當模擬含水層之柏松

比ߥ ൌ 0.45、取水長度ܮ與井深݄的比值ܮ ݄⁄ ൌ 1時，抽水所引致的地表沉陷量約為模

擬ܮ ݄⁄ ൌ 0.1時的兩倍。 

由圖4.66知：(1) 地表模擬為不透水情況時，線狀抽水所引致的地表沉陷會較大，

這是因為當地表面模擬為不透水邊界時，抽水會引起較大之負的超額孔隙水壓力，故

會引起含水層之有效應力增加，導致地表沉陷量變大。(2)取水長度ܮ與井深݄的比值

ܮ ݄⁄ 增加時地表沉陷量也增加的現象，這是因為取水長度ܮ增加時，抽水量會增加，

故壓密沉陷量也會增加之故。 

本單元之研究成果與曾鈞敏(2009)的研究成果亦有相似之處，其研究中曾指出：

「相同地質參數條件下，拘限含水層之土體變形範圍大於非拘限含水層。」因拘限含

水層具有不透水之邊界，抽水所引致之負的超額孔隙水壓無法在不透水之邊界面上消

散，故導致含水層之有效應力上升較多，因而引起較大範圍之土體變形。 

 

4.3.3 地表模擬為透水或不透水情況時線狀抽水所引致之地表水平位移 

本單元亦擬根據第三章之說明，討論線狀抽水所引起的地表水平位移。由第三章

之研討知，地表邊界模擬為透水與不透水邊界時，所研討出之地表水平位移完全相同，
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因此可一併討論之。本單元仍以地表邊界模擬為透水時之最大沉陷量ݑ௭	௫	ሺୀሻ為無

因次化的基準量，基於此，無因次化之地表水平位移可表為： 

௨ೝሺ,ሻ

௨	ೌೣ	ሺಽసሻ୭	ୣ୰୴୧୭୳ୱ	ୌୟ୪	ୗ୮ୟୡୣ
ൌ ௨ೝሺ,ሻ

௨ሺ,ሻ
ൌ

ିቈಽ
ሺమషಽሻ
ೝ

ି
ඥೝమశమ

ೝ
ା
ሺషಽሻඥೝమశሺషಽሻమ

ೝ
ା

ඥೝమశమశ

ඥೝమశሺషಽሻమశషಽ


ଶ
  

(4.6) 

由上式知，進行無因次化後，線狀抽水所引致之地表水平位移與水文地質參數G、

、k 等無關，相關之數值結果繪製於圖 4.67。由圖 4.67 知：(1)取水長度ܮ與井深݄的

比值ܮ ݄⁄ 增加時，抽水所引起的地表水平位移量會跟著增加，因ܮ ݄⁄ 的比值增加代表

抽水量亦呈增加之勢。(2)抽水所引起的地表水平位移量會在水井邊逐漸升高後逐步

降低，這是因為單井抽水所引起的地表水平位移是一軸對稱問題，故地表面在對稱點

上之水平位移量應為零；另外，含水層遠處受抽水擾動的影響很小，故地表遠處之水

平位移量亦很小。(3)線狀抽水時，地表最大水平位移發生位置約位於ݎ ݄ ൌ 1⁄ 的位置

上，此與點抽水所引致地表最大水平位移是落在ݎ ൌ ඥ߶݄ ⋍ 1.272݄位置上之結論相當

接近。 

  本單元之研究成果與曾鈞敏(2009)的研究成果亦有相似之處，其研究中曾指出：

「無論拘限或非拘限含水層於抽水後，水平位移量在抽水點源邊會逐漸升高後逐步降

低。」本研究在此一研究重點上之結論與其一致。 

 

4.4 半無限域孔隙水壓變化影響結果探討 

4.4.1 點抽水所引致之含水層超額孔隙水壓 

  本節研討重點為探討地表模擬為透水狀態與不透水狀態下之超額孔隙水壓的差

異變化。由式(3.4c)知，透水情況下超額孔隙水壓之無因次化結果為： 

ሺ,௭ሻ
ೂംೢ
రഏೖ

ൌ െ ଵ

ටቀ

ିଵቁ

మ
ାሺೝ


ሻమ
 ଵ

ටቀ

ାଵቁ

మ
ାሺೝ


ሻమ

                                       (4.7) 

附 185



 

51 
 

土壤之超額孔隙水壓係因點抽水後流體自含水層中流入抽水點所致，根據方程式

(4.7)所繪製之超額孔隙水壓如圖 4.68 所示，圖 4.68 分別採立體圖與平面等值曲線圖

表示之。 

由式(3.5c)知，若模擬地表面為不透水邊界，則無因次化之超額孔隙水壓結果為： 

ሺ,௭ሻ
ೂംೢ
రഏೖ

ൌ െ ଵ

ටቀ

ିଵቁ

మ
ାቀೝ


ቁ
మ
െ ଵ

ටቀ

ାଵቁ

మ
ାሺೝ


ሻమ

                                      (4.8) 

根據式(4.8)所繪製之超額孔隙水壓如圖 4.69 所示，圖 4.69 亦分別採立體圖與平面等

值曲線圖表示之，超額孔隙水壓呈負值的工程意義是代表吸力狀態。 

由圖 4.68 與圖 4.69 之比較得知，當地表邊界模擬為不透水時，所引致之負的超

額孔隙水壓會較大，這是因為此時超額孔隙水壓無法透過地表消散所致。因水的負壓

較高，故含水層的有效應力亦會較高，所反映出之地表沉陷亦會較大，如圖 4.11 所

示。 

 

4.4.2 線狀抽水所引致之含水層超額孔隙水壓 

本單元擬探討含水層因線狀抽水所引起的超額孔隙水壓，由式(3.7c)知，地表模

擬為透水情況下，線狀抽水所引起的含水層超額孔隙水壓之無因次化結果為： 

ሺ,௭ሻ
ംೢ
రഏೖ

ൌ ݈݊ሺܴ௭ା
∗ ∗ ܴ௭ି

∗ ሻ  ݈݊
ோశషಽ
∗

ோషషಽ
∗                                       (4.9) 

其 中 ܴ
∗ ൌ ܴ  ݅，݅ ൌ ݖ  ݖ、݄ െ ݖ、݄  ݄ െ ݖ、ܮ െ ݄ െ ܮ ； ܴ ൌ ଶݎ√  ݅ଶ ，

݅ ൌ ݖ、ݖ  ݖ、݄ െ ݖ、݄  ݄ െ ݖ、ܮ െ ݄  所繪製之相關數值結果如圖。ܮ 4.70~4.74

所示。 

  若地表邊界是模擬為不透水情況，則由式(3.8c)知，線狀抽水所引起的含水層超

額孔隙水壓之無因次化結果為： 
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ሺ,௭ሻ
ംೢ
రഏೖ

ൌ lnሺܴ௭ା
∗ ∗ ܴ௭ି

∗ ሻ െ ݈݊
ோశషಽ
∗

ோషషಽ
∗                                      (4.10) 

其中ܴ
∗的定義與式(4.9)相同。所繪製之相關數值結果如圖 4.75~4.79 所示。 

研討並比較圖 4.68~4.79 知：(1)若地表邊界模擬為透水情況，則抽水所引致的超

額孔隙水壓會在地表邊界上完全消散，因此所呈現出之含水層負的超額孔隙水壓會較

小。反之，若將地表邊界模擬為不透水，則抽水所引致之負的超額孔隙水壓會較大，

這是因為超額孔隙水壓無法透過地表消散所致。(2)取水長度ܮ與井深݄的比值ܮ ݄⁄ 增加

時，含水層超額孔隙水壓也會有增加的現象，這是因為取水長度ܮ增加時，代表抽水

量亦呈增加的趨勢，故含水層超額孔隙水壓也會增加。 

 

4.5 結語 

本章各節旨在探討：(1)將抽水行為模擬為點抽水和線狀抽水時的數值結果之差

異性。(2)將地表模擬為透水和不透水時的數值結果之差異性。(3)含水層柏松比對抽

水所引致壓密行為的影響。(4)取水長度ܮ與井深݄的比值對抽水所引致壓密行為的影

響。(5)抽水所引致之地表水平位移變化趨勢。所進行之參數影響分析的數值結果包

括地表水平位移、垂直位移及地層超額孔隙水壓。經由研究成果顯示，將抽水行為模

擬為點抽水或線狀抽水、地表滲流邊界條件、含水層柏松比、取水長度ܮ與井深݄等，

均是影響抽水所引致地層壓密沉陷行為的重要原因。重要之研究成果說明如下： 

1. 關於將抽水行為模擬為點抽水和線狀抽水時的數值結果之差異性：圖 4.18 為透水

情況下點抽水與線狀抽水所引致沉陷量的比較，比較過程中是考慮點抽水的抽水

量 Q 等於所對應之線狀抽水的抽水量 qL（且ܮ ݄⁄ 考慮為 1），由圖 4.18 可知點抽

水與線狀抽水所引起的最大沉陷量會相同，但大多數情況下點抽水所引起的沉陷

量會較大，例如在 r/h = 1 位置上之地表沉陷量結果約有兩倍的差距。 

2. 關於將地表模擬為透水和不透水時的數值結果之差異性：地表模擬為不透水情況

下所引致的地表沉陷會較大，這是因為當地表面模擬為不透水邊界時，抽水所引

起之負的超額孔隙水壓無法消散，含水層之有效應力因而升高，壓密沉陷之效應
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變大，故所導致的地表沉陷量會變大。 

3. 關於含水層柏松比對抽水所引致壓密行為的影響：當含水層之柏松比較大時，抽

水所引致的地表沉陷量會較大，其原因可由柏松比ߥ的定義得知：當柏松比ߥ變大

時，有較大的變形，故含水層柏松比變大時會反映出較大之地表沉陷。 

4. 關於取水長度ܮ與井深݄的比值對抽水所引致壓密行為的影響：取水長度ܮ與井深݄

的比值ܮ ݄⁄ 增加時地表沉陷量也有增加的現象，這是因為ܮ ݄⁄ 增加時，代表取水

長度ܮ增加，亦即抽水量在增加，故壓密沉陷量也會增加。 

5. 抽水所引起的地表水平位移量會在水井邊逐漸升高後逐步降低，這是因為單井抽

水所引起的地表水平位移是一軸對稱問題，故地表面在對稱點上之水平位移量應

為零；另外，含水層遠處受抽水擾動的影響很小，故地表遠處之水平位移量亦很

小。另外，線狀抽水時，地表最大水平位移發生位置約位於ݎ ݄ ൌ 1⁄ 的位置上，

此與點抽水所引致地表最大水平位移是落在ݎ ൌ ඥ߶݄ ⋍ 1.272݄位置上之結論相

當接近。 

本章之研究成果與曾鈞敏(2009)的研究成果亦有相似之處：(1)無論拘限或非拘限

含水層於抽水後，水平位移量在抽水點源邊會逐漸升高後逐步降低。(2)相同地質參

數條件下，拘限含水層之土體變形範圍大於非拘限含水層。本研究在這兩項研究重點

上之結論與其一致。 
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圖 4.1 地表模擬為透水情況時點抽水問題之無因次化地表沉陷量曲線圖 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.2 點抽水問題之無因次化地表水平位移曲線圖 
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圖 4.3 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(ߥ	 = 0.15) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.4 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.2 = ߥ) 
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圖 4.5 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.25 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.6 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.3 = ߥ) 
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圖 4.7 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.8 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.4 = ߥ) 
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圖 4.9 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(0.45 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.10 地表模擬為不透水情況時點抽水所引致之無因次化地表沉陷量(ߥ	 = 0.4999) 
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圖 4.11 地表模擬為透水與不透水情況時點抽水所引致無因次化地表沉陷量比較圖 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.12 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 0.1) 
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圖 4.13 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 0.3) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.14 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 0.5) 
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圖 4.15 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 0.8) 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.16 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 1) 
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圖 4.17 地表模擬為透水情況時線狀抽水所引致之無因次化地表沉陷量(L/h = 0.1~1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.18 透水情況下點抽水與線狀抽水所引致之無因次化地表沉陷量的比較 
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圖 4.19 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.15 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.20 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.2 = ߥ) 
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圖 4.21 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.25 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.22 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.3 = ߥ) 
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圖 4.23 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.24 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.4 = ߥ) 
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圖 4.25 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.45 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.26 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.1，0.45~0.15 = ߥ) 
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圖 4.27 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.15 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

圖 4.28 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.2 = ߥ) 
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圖 4.29 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.25 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

圖 4.30 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.3 = ߥ) 
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圖 4.31 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.32 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.4 = ߥ) 
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圖 4.33 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.45 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

圖 4.34 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.45~0.15 = ߥ) 
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圖 4.35 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.15 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

圖 4.36 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.2 = ߥ) 
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圖 4.37 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.25 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.38 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.3 = ߥ) 
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圖 4.39 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.40 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.4 = ߥ) 
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圖 4.41 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.5，0.45 = ߥ) 
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圖 4.42 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.3，0.45~0.15 = ߥ) 
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圖 4.43 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.15 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.44 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.2 = ߥ) 
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圖 4.45 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.25 = ߥ) 

 

圖 4.46 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.3 = ߥ) 
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圖 4.47 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.48 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.4 = ߥ) 
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圖 4.49 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.45 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.50 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 0.8，0.45~0.15 = ߥ) 
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圖 4.51 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.15 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.52 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.2 = ߥ) 
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圖 4.53 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.25 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.54 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.3 = ߥ) 
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圖 4.55 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.35 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.56 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.4 = ߥ) 
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圖 4.57 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.45 = ߥ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.58 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

(L/h = 1，0.45~0.15 = ߥ) 
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圖 4.59 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.15 = ߥ)

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.60 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.2 = ߥ)
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圖 4.61 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.25 = ߥ)
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圖 4.62 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.3 = ߥ)
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圖 4.63 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.35 = ߥ)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

圖 4.64 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.4 = ߥ)
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圖 4.65 地表模擬為不透水情況時線狀抽水所引致之無因次化地表沉陷量 

 (L/h = 0.1~1，0.45 = ߥ)

 

 

 

 

 

 

 

 

 

 

 

圖 4.66 地表模擬為透水與不透水情況時線狀抽水問題無因次化地表沉陷量比較圖 

(L/h = 1) 
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圖 4.67 線狀抽水所引致之無因次化地表水平位移曲線圖 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.68 地表模擬為透水邊界時點抽水所引致之無因次化孔隙水壓等值曲線圖 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.69 地表模擬為不透水邊界時點抽水所引致之無因次化孔隙水壓等值曲線圖 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.70 地表模擬為透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.1) 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.71 透地表模擬為透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.3) 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.72 地表模擬為透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.5) 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.73 地表模擬為透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.74 地表模擬為透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 1) 
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(a)立體圖 

 
(b)平面圖 

 

圖 4.75 地表模擬為不透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.1) 
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(a)立體圖 

 

(b)平面圖 

 

圖 4.76 地表模擬為不透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.3) 

 

 

  

=

ݓߛݍ
݇ߨ4
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(a)立體圖 

 

(b)平面圖 

 

圖 4.77 地表模擬為不透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.5) 

 

 

  

= 
ݓߛݍ
݇ߨ4
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(a)立體圖 

 

(b)平面圖 

 

圖 4.78 地表模擬為不透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 0.8) 

 

 

 

  

=

ݓߛݍ
݇ߨ4
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(a)立體圖 

 
(b)平面圖 

 

圖 4.79 地表模擬為不透水邊界時線狀抽水所引致之無因次化孔隙水壓等值曲線圖 

ܮ) ݄⁄  = 1) 

 

 

 

=

ݓߛݍ
݇ߨ4
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第五章 結論與建議 

5.1 結論 

本文旨在用數學模擬方式，探討抽水所引致的地表邊界沉陷量、水平位移量與超

額孔隙水壓等，係採用 Biot 三維壓密理論建立基本方程式，將抽水行為模擬為點抽

水和線狀抽水兩種情況，並將地表邊界模擬為透水和不透水兩種滲流邊界條件。研討

過程中有引用點抽水問題之基本解，再對其進行線積分的運算，推導出線狀抽水所引

致之壓密沉陷行為。經由參數影響分析得知，在相同參數條件下，基礎地層柏松比ߥ、

地表滲流邊界條件、取水長度與井深之比值參數等皆對地層壓密沉陷行為有不同程度

的重要影響。經仔細研究與討論後，獲得以下結論： 

1. 含水層柏松比對抽水所引致壓密行為有重要的影響：本研究是將地層柏松比ߥ分

別模擬為 0.15、0.2、0.25、0.3、0.35、0.4、0.45、0.4999 等八種情況，當含水層

之柏松比變大時，地層較容易產生變形，因此會反映出較大之地表沉陷。  

2. 就取水長度ܮ與井深݄的比值之影響而言：本研究分別模擬ܮ ݄⁄ 為 0.1、0.3、0.5、

0.8、1.0 等五種情況，當取水長度ܮ與井深݄的比值ܮ ݄⁄ 增加時，地表沉陷量也呈

增加的現象，這是因為取水長度ܮ增加時，抽水量也會增加，故壓密沉陷量也跟

著增加。 

3. 關於地表滲流邊界條件之影響而言：地表模擬為不透水情況下所引致的地表沉陷

會較大，這是因為當地表面模擬為不透水邊界時，抽水所引起之負的超額孔隙水

壓無法消散，含水層之有效應力因而升高，壓密沉陷之效應變大，故所導致的地

表沉陷量會變大。 

4. 關於將抽水行為模擬為點抽水和線狀抽水時的數值結果之差異性：比較過程中是

考慮點抽水的抽水量等於所對應之線狀抽水的抽水量（且ܮ ݄⁄ 考慮為 1），基於

此可知，點抽水與線狀抽水所引起的最大沉陷量會相同，但於地表大多數位置上，

點抽水所引起的沉陷量會較大。這是因為在相同抽水量的考量下，點抽水所產生

的超額孔隙水壓會較大，導致其地層有效應力上升較多，所產生的壓密沉陷量亦
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會較多之故。 

5. 抽水所引起的地表水平位移量會在水井邊逐漸升高後逐步降低：這是因為單井抽

水所引起的地表水平位移是一軸對稱問題，故地表面在對稱點上之水平位移量應

為零；另外，含水層遠處受抽水擾動的影響很小，故地表遠處之水平位移量亦很

小，因此抽水所引起的地表水平位移量會在水井邊逐漸升高後逐步降低。另外，

線狀抽水時，地表最大水平位移發生位置約位於ݎ ݄ ൌ 1⁄ 的位置上，此與點抽水

所引致的地表最大水平位移是落在ݎ ൌ ඥ߶݄ ⋍ 1.272݄位置上之結論相當接近。 

 

5.2 建議 

基於以上研究成果，擬對未來提供一些研究方向與建議： 

1. 本文係探討地層力學行為與滲流性質皆模擬為等向性之線彈性飽和多孔介質，未

來可朝向地層力學行為與滲流性質皆模擬為橫向等向性情況加以探討。 

2. 本研究僅考慮點抽水與線狀抽水行為，未來可以朝面狀抽水甚至圓柱狀抽水行為

所引致的壓密沉陷加以探討，使結果更符合真實抽水情況。 

3. 後續之研究可考慮進行視窗程式設計，讓使用者僅需輸入簡單之參數即可快速求

得三維壓密沉陷之各項結果，以利研究成果之工程應用與推廣。 
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值（簡要敘述成果所代表之意義、價值、影響或進一步發展之可能性）、是否適

合在學術期刊發表或申請專利、主要發現或其他有關價值等，作一綜合評估。

1. 請就研究內容與原計畫相符程度、達成預期目標情況作一綜合評估 

■達成目標 

□未達成目標（請說明，以 100字為限） 

□實驗失敗 

□因故實驗中斷 

□其他原因 

說明： 

2. 研究成果在學術期刊發表或申請專利等情形： 

論文：■已發表 □未發表之文稿 □撰寫中 □無 

專利：□已獲得 □申請中 ■無 

技轉：□已技轉 □洽談中 ■無 

其他：（以 100字為限） 
本計畫案之各項研究成果如附錄 1~9 所示，共計包括： 

 

1. 已發表於 EI 等級期刊論文一篇，如研究計畫成果報告之附件 1所示。 

2. 投稿後依審查意見修訂中之 EI/SCI 等級期刊論文一篇，如研究計畫成果報告之附件 2

所示。 

3. 已發表於 EI 等級之國際會議論文兩篇，如研究計畫成果報告之附件 3與附件 4所示。

4. 研究成果經初步整理後擬繼續進行投稿之論文三篇，如研究計畫成果報告之附件 6至

附件 8所示。 

5. 出席國際會議並擔任會議主持人，如研究計畫成果報告之附件 5所示。 

6. 人才培育：指導參與本計畫案之兼任研究助理謝適任同學完成其碩士論文「單井抽水

所引致軸對稱彈性沉陷之研究」，如研究計畫成果報告之附件 9所示。 

 
3. 請依學術成就、技術創新、社會影響等方面，評估研究成果之學術或應用價
值（簡要敘述成果所代表之意義、價值、影響或進一步發展之可能性）（以

500字為限） 

1. 過量抽取地下水導致地層下陷為目前台灣及世界各國普遍遭遇的問題。為解決抽水所

引致的地層下陷問題，除依賴適當的教育宣導與法規的訂定，改變國人用水習慣與觀念

外，亦應從工程上之學理分析層面切入，藉以瞭解抽水所引致的地層下陷機制與沉陷結

果，其關鍵課題包括抽水所引致的地層位移變化量、及地層孔隙水壓變化量等的探討，本

研究已分別探討出瞬時抽水、週期性抽水、點狀抽水、圓形平面抽水及線狀抽水等各種典

型抽水所引致之三維壓密沉陷之閉合解，並繪製相關之應用圖表，可有助於瞭解此一問題

的關鍵影響因素及其影響結果，研究成果能提供相關主管機關做為訂立相關規範之參考依

據，故研究成果極具工程應用價值。 

 



2. 研究成果至少已發表於 EI 等級期刊論文一篇、EI 等級之國際會議論文兩篇，投稿後依

審查意見修訂中之 EI/SCI 等級期刊論文一篇，尚有多篇論文準備投稿中，故研究成果極

具學術價值。 
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