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Abstract

In this paper we proposed an ARIMA-BPN algorithm combining advantages of
Back-propagation networks (BPN) and ARIMA. The algorithm is based on BPN and its
inputs are the same as ARIMA. It can generate a non-linear function to create an accurate
model to predict time series. The BPN algorithm must be modified because the residuals
would be changed when the weights were changed during continuously training BPN.
Therefore, the continuously updated residuals are used as the inputs of ARIMA-BPN. This
study examined 6 artificial designed cases and stock index prediction in real world to evaluate
the abilities of the ARIMA, BPN, and ARIMA-BPN. The results showed that ARIMA-BPN is
the most accurate methods in the three methods.

Key words: time series, ARIMA, Back-Propagation Neural Network.
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Abstract—The traditional Probabilistic Neural Networks (PNN)
believes that all the variables have the same status, making the
contour of probabilistic density function round. In this study,
variable weights are added into the probabilistic density
function of Elliptical Probabilistic Neural Network (EPNN), so
that the kernel function can be adjusted into arbitrary
hyper-ellipse to match the various shapes of classification
boundaries. Although there are three kinds of network
parameters in EPNN, including variable weights representing
the importance of input variables, the core-width-reciprocal
representing the effective range of data, and data weights
representing the data reliability, in this study the principle of
minimizing error sum of squares is used to derive the
supervised learning rules for all the parameters with a unified
mathematic theoretical framework. The performance of EPNN
is testified and compared with MLP and PNN with 15 real
classification applications. The results show that EPNN is more
accurate than MLP and PNN.

Keywords- probabilistic neural network, variable importance,
classification, learning rule

THEORY

Probabilistic Neural Network (PNN) [1-6] has a wide
range of applications in model identification, time series
prediction, as well as fault diagnosis and other fields [7-11]
and the algorithm also has a number of different variations
[3, 8-14]. For example, Specht [3] pointed out that PNN
learned quickly from examples in one pass and
asymptotically achieved the Bayes-optimal decision
boundaries. The major disadvantage of a PNN was that it
required one node or neuron for each training pattern.
Various clustering techniques were proposed to change this
requirement into one node per cluster center.

Berthold and Diamond [13] proposed a constructive
training algorithm for probabilistic neural networks, a
special type of radial basis function networks. In contrast to
other algorithms, predefinition of the network topology was
not required. The proposed algorithm introduced new

hidden units whenever necessary and adjusted the shape of
existing units individually to minimize the risk of
misclassification. This led to smaller networks compared to
classical PNNs and therefore enabled the use of large data
sets. Song, et al. [8] proposed a modified probabilistic
neural network (PNN) for brain tissue segmentation with
magnetic resonance imaging (MRI). In this approach,
covariance matrices were used to replace the singular
smoothing factor in the PNN's kernel function, and
weighting factors were added in the pattern of summation
layer. Rutkowski [10] proposed a new class of PNN
working in nonstationary environment. He formulated the
problem of pattern classification in nonstationary
environment as the prediction problem and designed a
probabilistic neural network to classify patterns with
time-varying probability distributions. Rutkowski [11] also
proposed a new class of generalized regression neural
networks working in nonstationary environment, and proved
convergence of the General Regression Neural Network

(GRNN) based on general learning theorems.

The proposed EPNN has three kinds of network
parameters:

(€] The variable weights decide the shape of
probabilistic density function so that the contour lines
are not round but elliptical. The larger the variable
weight of the variable, the more important the variable,
and the smaller the radius of the ellipse in the direction
of the variable;

2 The core-width-reciprocal is equivalent to the
reciprocal of the smooth parameter in the traditional
probabilistic  density  function, that is, the
width-reciprocal of probabilistic density function. The
larger core-width (the smaller core-width-reciprocal),
the larger the effective range of the sample;

3) The data weight is equivalent to the height of
probabilistic density function. The larger the height,
the higher the credibility of the sample.



These three kinds of parameters, adjusted through
training, can improve the accuracy of the model and can be
employed to estimate the importance of input variables.

The contributions and innovations of this study are as
follows.

Q) Hyper-elliptical probabilistic density function

The traditional PNN believes all the variables have the
same status, making the contour of probabilistic density
function round. In this study, variable weights are added
into the probabilistic density function so that we can adjust
the kernel function into arbitrary hyper-ellipse to match the
various shapes of classification boundaries. This variable
weight can be regarded as the kernel shape parameter of the
probabilistic density function. Based on several public data
sets, this study proves that the probabilistic density function
with the shape parameter is able to greatly improve the
accuracy of classification model; EPNN is significantly
more accurate than a traditional PNN and even a
Multi-Layered Perception.

2 Unified mathematic theoretical framework

The traditional PNN often decides the smooth
parameters (kernel radius parameters) of probabilistic
density function with the trial and error method. Although
there are three kinds of network parameters in EPNN, in this
study, the principle of minimizing error sum of squares is
used to derive the supervised learning rules for all the
parameters, including kernel radius, shape, and height
parameters of the probabilistic density function, with a
unified mathematic theoretical framework.

In Section 11, the learning rules of EPNN are derived.
In the third section, we testify the performance of EPNN
and compare it with MLP and PNN with 15 real
classification applications. In Section IV, we make a
summary of the testing results in the entire study.

THEORY

Probabilistic Neural Network (PNN) is a common
neural network model, the theory of which is based on
Bayesian classifier and the probabilistic density function
[1-5]. Assuming that a classification problem has k classes

as C,,C,,...,C, , the classification rules are made by
m-dimensional feature vectors as follows,

X :(Xl,XZ,...,Xm)

(1)

In this m-dimensional sample space, the classification
probabilistic density function is the function of feature

vectors f, (X), f,(X),..., f, (X), and for all j =1, the
decision-making formula of Bayesian classifier is

hic; f,(X) > h;c; f;(X)

2

where 1:k is the probabilistic density function of the k-th
category; C, represents the cost of error in which the k-th
category is misjudged; hk is the prior probability of the
k-th category.

Generally, the probabilistic density function above is
the normal probabilistic density function, shown as follow,

0oL Eljnzaexp[_ (X =X) (X - m]

m 2
27)2 0" 20

®)
where f_(X) represents the value of probabilistic

density function of Category A at point X; M represents
the number of input variables; o represents the smooth

parameter; N, represents the number of training vectors in

Category A ; X represents the testing data vector; Xap

represents the p-th training data in Category A.

Because

1 1
— n_ = Constant =h and
(2z)2 o™\ e
4)
(X =X) (X =X) =D (x —xP)?

i=1

5)

the probabilistic density function can be simplified as
follows,

f(X)=hY f,
p=1

(6)
and
z (Xi - Xialp )2
fap = eXp(— = 20_2 ) )

where X; represents the value of i-th input variable in the

testing sample; Xiap represents the i-th input variable of
the p-th sample of Category A in the sample base.

Although PNN can deal with classification problems, it
cannot fulfill the function mapping. Hence, Specht [6]
improved the network output with the weighted average
method as follows,

(®)

where tp = the known output variable of the p-th sample

in the sample base; f_ = the weight of the p-th sample in

P
the sample base; n = number of samples in the sample base.



In this study, the probabilistic density function is
modified as follows,

iwis (Xi - Xip )2

f, =h?exp(—= )

20‘§
€))

X; = the i-th input variable of the unknown samples;

Xip = the i-th input variable of the p-th sample in the

sample base; Wip = the i-th input variable weight of the

p-th sample in the sample base, which decides the shape of
the probabilistic density function so that the contour lines

are not round but elliptical; hp = the data weight of the

p-th sample in the sample base, which is equivalent to the

height of the probabilistic density function; o, = the

smooth parameter of the p-th sample in the sample base,
which is equivalent to the width of the probabilistic density
function.

2
Figure 1. Elliptical Probabilistic Neural Network

The smooth parameter may be approaching to 0 in the
learning process so as to make the denominator be zero. In

order to avoid the problem, the core-width-reciprocal is used
instead of the smooth parameter.

Let

1
Vp =—
J2o,
(10)
where Vp = the core-width-reciprocal of the p-th sample

in the sample base, which is equivalent to the
width-reciprocal of the probabilistic density function,

then
f, = hf) exp(—Vp2 ZWiS(xi -x)?)
i=1

(11)
Let

m
2 2 2
D, =V2Y W2 (x —x’) ,
i=1
(12)
then
— h? _
f,=h,exp(-D,)
(13)
The output of the network is the weighted summation

of the known value of output variable of the samples in the
training set, as shown in Figure 1.

z fp 'tpj

p
NS
p
p
(14)
where tpj = the known value of the j-th output variable of
the p-th sample of the training set.

In order to derive the supervised learning rules to
adjust the parameters in the equation above, let the error
function be

1o )
E ZEZ(tJ‘ _yj)
j=1

(15)

where n = the number of output variables; tj = the

known value of the j-th output variable of the training data;
Y= the inference value of the j-th output variable of the

training data.

The goal to adjust the network parameters is to
minimize the error function. Therefore, the supervised
learning rules of network parameters can be derived with the
steepest descent method as follows.

Q) Variable weights



E
~Tow,

AW,

(16)
where 77 = the learning rate.

Based on the chain rule in the partial differential, we

conclude that
OE 0y,

Z
oy, oW,

V\/ip
(17)

Based on the chain rule in the partial differential, we
conclude that

oy, oy, o, D,
ow,  of, oD, oW,
(18)

Substitute Eq. (18) into Eq. (17), we get

OE oE oy, of, oD,

oW, :Zayj of oD, oW,
(19)

where
8E

ayJ
(20)

y, WStz

]

of ;fp zf (21)
8f

8D

@2

and

8D

oW,
(23)

=—(t; -y;)

- =—h>exp(-D,)

_V (2\N|p(x _Xp) )

Substitute Eq. (20), (21), (22), and (23) into Eq. (19),
and then substitute them into Eq. (16), we can get

oE

AW, =—n——

Tow,
=273, ) ViR exp(-D, ) VE W, - (x, - x)’

zf

(24)

Let O, be the gap between the p-th predictive output
value, then its actual output value is

8y = 2.(t; =¥,)ty; —y,)h, &xp(-D,)
j=1

(25)

Eqg. (24) can be simplified as follow,

1
AWip = _277 Z—f5p thpZWip (XI - Xip)2 (26)

p
p

2 Data weights
ok -
Ah) =-—n—=2n) (t, - by W]M D
n on n;(, y;) Zf p(-D,)
(27)

The equation above can be simplified by Eq. (25)
1
Ah, =27 =3,

I,
(28)
?3) Core-width-reciprocal

oE
Mo =T
:_2772@ -y, Z_f 22 hZexp(-D,)-V, - DAHCES Dk
(29)

The equation above can be simplified by Eq. (25), and we
can get
1
— 2 2
AVp - _an—fé‘p 'hp 'Vp ) ZWip (X; —%)" (30
p i
p

)

These algorithms can gradually optimize the kernel
shape, height, and radius parameters of the probabilistic
density function in the learning process, so that each input
variable of each sample has a various variable weight,
making the probabilistic density function of each sample in
an appropriate ellipse based on the training data, and thus
eliminate the error of the model. This is the so called
Elliptical Probabilistic Neural Network (EPNN).

APPLICATION EXAMPLES

In this section, we test the 15 real data sets in the UCI
Machine Learning Repository [15] listed in Table 1 to
compare the performances of EPNN, MLP and PNN. In
order to test the effectiveness of learning, we use the 10-fold
cross-validation, that is, all the data are randomly divided
into ten sets. The test is performed ten times, and each time



a set is chosen as the testing data while the remaining nine
sets are used as the training data. The integrated
performance of all the test data is used to assess the
accuracy of each network model.

Table 1. The descriptions of the data sets

Data set Input | Output Data

Iris 4 3 150

Insurance Company 7 2 700
Statlog (Shuttle) 9 3 5000
Glass Identification 9 6 214
Vowel Recognition 10 11 990
Wine 13 3 178

Forest Cover Type 14 7 4000
Letter Recognition 16 26 2000
Image Segmentation 18 7 2310
Statlog (Vehicle Silhouettes) 18 4 846
Statlog (German Credit) 19 2 1000
Statlog (Heart) 20 2 270
Thyroid Disease 21 3 7200
Statlog (Landsat Satellite) 36 6 6000
SPAMBASE 57 2 4500

Table 2. The comparison of the error rates in the
application examples

Data set MLP | EPNN | PNN | SVM

Iris 2.7 4 4 2.7

Insurance Company 36.49] 34.48] 35.63] 33.65
Statlog (Shuttle) 0.35 0.3] 0.33 0.4
Glass ldentification 26.56 25.0 29.69] 33.6
Vowel Recognition 41.13| 42.64| 48.48| 40.52
Wine 1.72 0.0] 3.45] 0.56
Forest Cover Type 23.2 19.4| 254 195
Letter Recognition 34.6 174 20.0] 19.2
Image Segmentation 4.2 4.07] 691 3.98
Statlog (Vehicle) 12.77] 21.63] 26.6] 194
Statlog (German Credit) 25.67 25.1| 27.0] 23.65
Statlog (Heart) 15.71| 12.86] 15.71] 15.87
Thyroid Disease 1.95 408 6.48[ 215
Statlog (Landsat Satellite)]  5.09 7.17| 10.04 8.7
SPAMBASE 3.63 511 12.33 6.6
Average| 15.72| 14.88| 18.13| 15.37

Table 2 shows the results of the models established by
EPNN, PNN, MLP [19], and SVM (support vector machine)
[16-18], illustrating that EPNN is more accurate than MLP
and SVM, and much more accurate than PNN.

CONCLUSIONS

This study proposes Elliptical Probabilistic Neural
Networks (EPNN) which has three kinds of network
parameters: variable weights representing the importance of
input variables, the core-width-reciprocal representing the
effective width, and data weights representing the data
reliability. These three kinds of parameters can be adjusted
through training. We tested 15 real applications, and

compare EPNN with MLP, PNN, and SVM. The results
showed that EPNN is more accurate than MLP and SVM,
and much more accurate than PNN for the real classification
applications.
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