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£3%(2.3%)¢ 2. THi=j o P
=(34+2N)e+30€e-3y,0 - (2.40)
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R° R

R =), =y, o RS AN A AT HI BT R S B O
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(34+2N)R-30

. (34+2N)7,-30,
~ (34+2N)R-30°

(2.43b)

dFERHRE T ARSI AP HAURE S S BRI E S
LL[43] 0 Ft o F L o B, AN R AT I R L R EOU R Tk

(linear thermal expansion coefficient) » P

£ =3a,0 - (2.44a)

€°=3a,0 - (2.44b)

i3V (2.43a) ~ 54 (2.430) &2 55 (2.44a) ~ 5 (2.44b) 0 £ B2 liip e 0 F fET R

81y dors T e

7, =(34+2N)a, +30a, (2.45a)
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7,=3(0a, +Ra,) - (2.45b)

FRFEAE L Ry By L PR ERY By FEXAMA T A
ZAAMA B PP E Ay, 2y o R o, WA W e o R DS
(2.39a) ~ 7%(2.39b) ~ ;¥ (2.41a) ;8 (2.41a)5 :

[ 00
T =8, (2.462)
or a
Z_ﬂ 5 (2.46b)
0 P (2.46¢)
0oy |,. 3A+2N
%) _3g 422 4 . (2.46d)
or |, 34+2N
L P (2.46¢)
del,.  34+2N
e 1, (2.461)
oo, R
[O¢e| 0
9l Z3E4 430, 2.46
aT_S’O_ Ras af ( g)
9e 2. (2.46h)
o€ I, R

g Rl BRIEHE Y 0 TN Q38 g, G M BT LA e
FHRHLEERF ML 3EG(0)E T 0 BIAQ3B) TG E

F*(gl.j,

1 1 _
e,T):NgU.gl.j +5A52 +ER & +Qse—y,e0-7, Eg_,.(;(@) ) (2.47)

#- Ve N(2.29c) v E
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E+7, 6—6—G ’ (2.48)

S =7 oT

NS e e TG Rl Sl Ft 0 ST 2 AT AL

ds” = s de, + a5 de+ a5 dT > (2.49)
Og; | " | 0e],, or |,.

F¢T[oSfoT| REE S AFHMANFLF - RCHFEPRE S £

¢, =T s, (2.50)
or |,

B oo fis AT S A P T

c,=(1-n)p,c, +np.c, (2.51)
B Gilice, He, #RFEETREZAMAFRIBINE AR - RCTT R L
BE p Yo s AMA TR R R R -
d 74(2.48)4 !
' _ 0°G
ds =;/id8+;/,de—aT2 dT (2.52)

W5 (2.49) 22 54(2.52) 4 ¢

2
¢ =-T ZT(Z; ; (2.53)

PRHRETERY LA TRED

T T
—=—| 2dT =-— lnF ’ (2543)
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6(0)=-];|

ITELdT}dT . (2.54b)
LT

Flpoo N(2.48)F & 5 ¢

*

S =y&e+y,e+c,In L, (2.55)

0

53RO/ <<1 > &

2 3
nLom1: 8]0 oy ey .0, (2.56)
T L)1 2) T 7

A NQ255F 4L

S =ye+7 e+;—V0 ’ (2.57)

0

YRR 5 - AR B GRY R ERE AW TR SR FILT T
GEIR2F g o A Bl - AR R A TR G EE iR g e s R
(2.56)2 B 745 4 BT T3 § 2 ff 4 0 7 #38(2.54b)ic B 5

G(@}:—é%;@zo (2.58)
0

#-GO) kw1 (2.47) 0 fnE D

2

Fwaﬁjij%%+éAﬁ+%Re%¢ke—%ﬁ—zee—g9 o (2.59)

g 2]‘6

W3 (2.38) 8 58 (2.59) 0 trlim =—c, [T, ° 34 (2.59)" E 5Lt B2 wow 5F 2 FA
AEZI M SR M A b - R ERASN G M AR Y
RAMAFT S MM E AFRARARCEFZ I 5% 2 o
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2-3 #HBES st

d NQ22D)F s TS el T 4L

s’ 1 o
7:—?[qi’i—npfcyf3i(vi —ul.)—W} ° (2.60)
’\d‘\(223)fr’ TRAF2ZFAGERLTLIE o MIEABES 257 4 74
'r .

q,==A0,+npc, 0( ) ’ (2.61)

He A5 538 A 20 % k-

R2.61)E T R(2.60) 0 31 F N2 M AN FHRED

dS

=20, +W - (2.62)

x i 39(2.55)F ¢

TS" =(y,é+7, &) T+c,T - (2.63)

N(2.62)E Q.63 T F L o FAES

26, +W =(ye+7, ¢ )T+cT’ (2.64a)
&

Co s Vi View. W
Qkk—zﬁ—jTuk,k—;T6+7=0 ° (264b)

2

1 t 1

dCE R AN R R G RIS RS S AL Ay
%ﬁfl’y@ﬁ[‘%ér'g_/g’@‘]ﬁh/\g /L&%'Lﬂef*b|9/T|<<l7éj"E'~ T-L:ti\:

(2.64b) 2

PRGNS AR T PRl 2 AR A S AR N Aoy T AR
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0, - oLy Tl Mg, (2.65)
VR )

dRBU AL By TR R e ATRARI RO A
LR SR S - BRAAS N

51 H 30(2.9)87 54 (2.39b) 2 B AN o A B f2N(2.65)3 B B A T
B, ~ARGFIHRS pE AFRERARC RO LR R ot T AR

1 LT, T o). ¥T,n. W
0,——|c, +7' 20—y, -=7 i, +L—p+—=0- 2.66
ik /1[(‘) Vi Rj }v(% R%j Kk ) Rp ) ( )
FR-H Y REIIATT RV RMFR TR TS AT
R Al
(1-n)e+ne=0 - (2.67)

N (2.39b)F i s W A

o, 2 171
QR0 = (2.68)

IRV N8 (2.66) 0 T 51 * 3N (2.452) 22 58 (2.45D) 0 T iE - ) H-E T E S fg 50
ER =N

0,———-L0- — i, + +
ik Kk 1 p

1

3[(1-n)a, +na, |1, %:0 : (2.69)

Ho 55 A 52 4 84 2G+31=34+2N-30°/R[3] G& AA®| 5 534
2.5 4 B Lame ¥ B o BAhw BA A RN MBI T A AP 2 S fe
N2 4T g NG
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2-4 @A Agst

AEFAT S I A TEAEN A B2 g BN o I AT Y 200
ﬁfﬁ)ﬁ%ﬁfDarcy Tk

o, =b(v,~1) - (2.70)
;¢ Darcy % #ich =n’ ;/f/k TnA BIVATZIVHE o y, RIVH A2 H R
T80 ki 53 A F2 %38 %iic (permeability ) o

51 % 31(2.39b) » #-Darcy &34 (2.70):c g 5 ¢

Qs +Re,; _Ze,i_b(vi_ui)zo ’ (2.71)

F P H 4R (divergence) » T A1 g=u,, 2 B R3S > TR

Qu; gy + R €y _ztg,kk_b(é_uk,k)zo ’ (2.72)
IR IAFTZ By, TR EER R TTERARCEO A
T

d "/\j/}%,'./n %ﬁif‘%ﬂ' ﬂﬁiz 5 /? " > m i&%ﬂ?_;jb Fﬁ - %ﬁf—E" ‘ﬁ{% /?lj ’ CF]
01 QO EQIM)L MBS AR L eFo BN

Bu ARFIIOAEES pEATERR P05 AR ¥ B2 G Y AN o T
ATIE L

k n . QO+R. 0 :
—Zp,kk+?p+n 2 uk,k—3n(Eas+af]6’:O ° (2.73)

Sy e 53 A R T RS a1 8 (2.68)2 B A5 Bl A A2 (273)
¥z ﬂ'b arat F‘?

\

—ipﬁkk+L'tk’k—3[(1—n)as+naf]6"=0 o (2.74)
Y
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2-5 4 T gr

AEFFFIAF LA T AR o d 2E Y - g A (B A S 4 F
2R R TR, =0 0 ANt R Y gAY & A R
o 50 % Terzaghi[l]ehg »afis? LA > PIFN(2.8)7 2 k4 F B &4 TH> 42

P

o, +o,=0- (2.75)
458 (2.392)27 8(2.39b)2. A B N x b S, T

2Ne, ,+(A+Q)s, +(Q+R)e, —(7,+7,)0,=0 > (2.76)

N 8,,-=(u1-,‘,-+ug-)/2";55=5kkZukkiﬁ‘*‘g BRoRFRHEN LIRS
u, I R M FTERR L0 1 R Rl 4 TS RS

Nu,,, +(A+N+Q)u, , +(0+R)e, —(r,+7,)0,=0 - (2.77)
PR 2 T =12,30 %0 (2T7)F F 2 BA RS RN b R X (2.65)F 1(2.72)

A BRI A FREE S 2T BAAS AN

B AR RS p R R e 5 A AR RT

1% 38(2.6)22 58 (2.39b) 2 B 125N o B4 TR fRNee Sl
2
Nu, +[A+N—%]uk,ki —n Q;R D, _(7; —%qui =0 (2.78)

£ ¢ Biot[3]#751 % 2. 4 B ¥ B ¥ L2 4 B F Bl Bde T et

2

N:G’A+N—%%:@U—QG’0: , (2.79)

G,—wx?d'“/\’?’ T4 Gl V—»?d'“/\’?’r"‘#k BT AR R 2 it o 3%
53 L/‘F‘r‘f‘;%f@)ﬁ’;’;ﬁﬁiﬁ”‘ A5k %’lﬁﬁ%@fﬁm%lb’gﬁﬁ&- Lﬁ’?ﬁ#ﬁd
2V RE 115 s oV (2.67) 5T o T 5 51 H 38(2.452) ~ 39(2.45b) ~ ;4(2.68)% ;¢
(2.79)2. B 258 > B4 T 2NQRT)F - Hey A L2550

<ole et
t@q, T
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Gu, ,, +(27-1)Guy , —p, —(2G+34) 2,0, =0 (2.80)

PP 2 THG=1,2,3 0 &N (2.80)¢ 7= BA A AN 0 34(2.69)~ 38(2.74)% ;&
280) e fg s = AF B BILH2 T B R A4S f250 -

2-6 ABRA L

d bR A A 22 BEBRRRN GBI E Sy IR p

lfﬁa&%ﬂﬂeffz%& R il Lo B e

Z MR EY RICH IR ER L 5 T RS 5 Pl = 4B & = AR B
22 ﬁkﬂm ﬁ;\ 4038 (2.69) ~ F4(2.74)% ;4 (2. 80)”Lr'r » FETE Yo

G, +(27-1)Gup ,, — p, —(2G+32) 2,0, =0 - (2.81a)
—ipﬁkk+ak’k—3[(1—n)as+naf]9.:0 . (2.81b)
Vr

. 3[(1-n)a, +na, |1,
O — L0 (2G+30)a, Do+ I n)o;:Jrnaf] °p+%=o , (2.81¢)
t

t t t

B R AER N LI A TR L Rk BB R E S A2 Q281 e 4 R
BiLEOH Fsg @ 38(2.812)2 N (2.81b) 15 RdE AR e o PP 2 2 BB BEGS B
J & TR A 48 & BT 0 4e Booker & A [12-14]#%7:F = 2. #UR & 2 fz.30

Gy +(27=1)Guy — p, —(2G+34) 2,0, =0 » (2.82a)

—ﬁp,kk+uk,k—3[(1—n)as+naf}6"=0 : (2.82b)
W

Qkk—i—”0+7=0 . (2.82¢)

2 1

*éﬁﬂr7%@?ﬁ*ﬂa—ﬁfﬁﬁﬁﬁﬁﬁﬁﬁﬁWﬁQQJ¢
B oo AT Z ABABRBHE N A AN T 4L

Gu, o +(27-1)Guy ,, — p, —(2G+32) 2,0, =0 - (2.83a)

i
>
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Pu=0" (2.83b)

QM——LO+2?=O o (2.83c¢)

AR AN e A e B b = MR BH R R K
L,r)‘%]z*gu,)g,ﬁ 2 éﬁ‘ff—liﬁ% BT 58I BRI s B e K B 1 AR H
FRH S m@:ﬁ%®$ﬁ\ﬁ@?”@%b%sﬁ"ﬂﬁg€£%w€£
Y 3 TR YN ERI RN N S RN

2-7 Bl chd 3 Rl B

7R E

\\\?{r

B2 BRI E o fitdeT

a, 4 :7Q44a)we’ =30 T ERIFMAFTIIERA D BT R I W
BRI D] EAE AT 2 A AR Gk

a, ¥ F(244b)re’=3q,0 > TR HIRMFIEA S B AT RZMA A 4 W
VEE o IV E RV 2 R AUR R i o

¢, WIREBEE? ZREOTZEMATIEARAL B - RTFLAAE PP H
FRE AR A e

c, WHRBEEY RZREFSTLIHIAHIAERSF - RTE A
3L F}%f/u‘h%}aﬁl L ?g" °

s

» W 1E
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Abstract

The study of this paper is focus on the distributions of temperature increments of the
stratum due to instantaneous and steady heat sources in the isotropic stratum of a half space.
In the mathematical model, the thermal properties of the stratum are regarded as isotropic.
Besides, the half space ground surface is considered as isothermal. Using Laplace and
Hankel integral transform techniques on the formulated mathematical model. Theoretical
transient closed-form solutions are obtained in this study.

Keywords: Instantaneous heat source, Steady heat source, Half space, Closed-form
solution
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c Parameter, ¢=14,/c, (m*/s); Specific heat of the stratum at a constant
deformation (J/kg“C)
c, Parameter, c, = pc J/m*°C)
erfc(x ) Complementary error function (Dimensionless)
G Shear modulus of the isotropic stratum (Pa)
h Buried depth of the point heat source (m)
J, (X) First kind of the Bessel function of order v (Dimensionless)

r,z,t) The concentrated thermal loading rate (1/s)

q (z; &, S) Laplace and Hankel transformations of ¢ (r, z, t) (1/m’s*

0, Thermal strength generated by the point heat source (J)
0. Strength of the point heat source generated at a constant rate (J/s)
(l’, 0,z ) Cylindrical coordinates system (m, radian, m)

S Laplace transform parameter (s~')

t Time (s)

u(r) Heaviside unit step function (Dimensionless)

u, Horizontal displacement of the stratum (m)

u, Vertical displacement of the stratum ()

a Linear thermal expansion coefficient (1/°C)

Y:j Thermal parameter, 8 =(2G+34)a, (Pa/°C)

5(r) Dirac delta function (m™")

o (f ) Dirac delta function (s™")

5(z—h) Dirac delta function (m™")

&€ Volume strain of the stratum (Dimensionless)
n Parameter, 17 =(1-v)/(1-2v) (Dimensionless)
9(” » 2,1 ) Temperature increment of the stratum (°C)

g(z; é,s) Laplace and Hankel transformations of 19(1’, z,t) (c / sm*)

4 Thermal conductivity of the stratum (J/ms"C')

v Poisson’s ratio of the isotropic stratum (Dimensionless)
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Hankel transform parameter (m™)
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Thermal stress components of the stratum (Pa)

Differential operator, V*
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ABSTRACT

The deep point heat source affects long-term thermal
responses of an elastic soil mass. To simulate the
stratified earth medium, the soil mass is modeled as a
cross-anisotropic thermoelastic medium with different
properties in horizontal and vertical directions. Analytical
solutions of the displacements and temperature
imcrements of the soils are obtained by using Hankel
integral transform. Numerical results for thermal stresses
are presented to portray the effects of anisotropic thermal
properties on the response of a point heat source. The rise
of the ratio of linear thermal expansion coefficients
a, /a, leads to corresponding rise of thermal stress

components with varying degrees of anisotropy.
However, the thermal stress components decrease with
increase of the ratio of the thermal conductivities 4, /4,. .

KEY WORDS
Mathematical Modelling, 3-Dimensional Modelling, Point
Heat Source, Closed-form Solution

1. Introduction

Heat source placed at a great depth leads to thermo-
mechanical responses of the stratum. The heat source
such as a canister of radioactive waste can cause
temperature rise in the soil. This leads to a reduction in
soil stresses. Therefore, thermal failure of soil will occur
as a result of losing shear resistance.

Repositories of nuclear waste are usually designed at a
depth of 200-700 m below the ground surface [1]. At
such great depths, soil is in the state of full saturation with
no air fraction.  Also, water cannot vaporize at
temperatures below 150°C due to high water pressure at
such depth. Heremans et al. [2] confirmed this hypothesis
through an experiment consisting simulation of heating at
such conditions.

Attention of this paper is focused on the closed-form
solutions of a cross-anisotropic stratum due to a deep
point heat source. The behavior of the soil was
satisfactorily modeled by assuming as a thermoelastic
continuum [3]. It suggested that linear theory was
adequate for a repository design based on technical
conservatism. For example, Hueckel and Peano [4]
indicated that FEuropean guidelines require that
temperature increments in the soil close to the heat source
should not exceed 80°C while the temperature increments
at the ground surface is limited to less than 1°C. Given
these modest temperature increments, Hollister ez al. [5]
observed that any significant non-linear behavior and/or
plastic deformation of the soil would be confined to a

-4 -
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relatively small volume of soil around the waste canister
itself. In this case, a linear model can provide a
reasonable approximation to the assessment of a proposed
design [6].

Booker and Savvidou [3,7], Savvidou and Booker [8]
derived an extended Biot [9,10] theory including the
thermal effects and presented solutions of thermo-
consolidation around the spherical and point heat sources.
In their solutions, the flow properties are considered as
isotropic or cross-anisotropic, whereas the elastic and
thermal properties of the soils are treated as isotropic. Lu
and Lin [11] displayed transient ground surface
displacement produced by a point heat source/sink
through analog quantities between poroelasticity and
thermoelasticity. Based on Biot’s three-dimensional
consolidation theory of porous media, analytical solutions
of the transient thermo-consolidation deformation due to a
point heat source buried in a saturated isotropic porous
elastic half space were presented by Lu and Lin [12,13].
Nevertheless, the above studies did not include
thermoelastic responses of the stratum with cross-
anisotropic thermal flow properties corresponding to the
isotropic mechanical properties due to a point heat source.

The soils are generally deposited through a process of
sedimentation over a long period of time. Under
accumulative  overburden pressure, soils display
significant anisotropy for thermal properties. To describe
the anisotropic nature of soils, it is modeled as a cross-
anisotropic medium whose properties are symmetric in
vertical axis. If the heat source is buried at a great depth,
the effects of the ground surface boundary on thermo-
mechanical responses of the stratum can be neglected.

In this study, the soil mass is modeled as a cross-
anisotropic thermoelastic full space. Cross-anisotropic
thermal conductivity is considered in this study. Long-
term thermoelastic responses of soils are derived through
Hankel transform. The closed-form solutions of
thermoelastic deformation, temperature increments of the
soil mass and thermal stresses of the stratum due to a
point heat source are evaluated. A simplified example of
isotropic soil is examined to provide better understanding
of the thermally induced mechanical problem.

2. Mathematical Model

2.1 Basic Equations

The soil mass is considered as a homogeneous cross-
anisotropic full space with a vertical axis of symmetry.
The thermal properties of the stratum are treated as cross-
anisotropic while the mechanical properties of the soils
are modeled as isotropic in this study. Therefore, the



constitutive behavior of the thermoelastic soil skeleton for
linear axisymmetric deformation in the cylindrical

coordinates (r,6,z) is:

2G(1-

_ ( v)%+ 26v u, , 2Gv a”Z—ﬂ,&l, (1a)

1-2v. or 1-2vr 1-2v Oz
2G(1-

o, = 2Gv ou, (1-v)u,  2Gv %—ﬂ,ga (1b)

1-2v or 1-2v. r 1-2v Oz
2G(1-

o = 2Gv Ou, . 2Gv L ( V)%_ﬂzg’ (10)
T 1-2vor 1-2vr 1-2v 0Oz

o, =G Loy 2L ), (1)

0z or

where o, , 0,4, O

zz

and o, are the thermal stress
components. The quantity ¢ measures the temperature
increment of the soil mass. The variables u, and u, are

displacements in the radial and axial directions,
respectively. The parameters G and v are the shear
modulus and Poisson’s ratio of the solid skeleton,
respectively. The thermal expansion factors £, and S,

in horizontal and vertical directions, respectively, are
defined as:

B, =2G(a, +va,)/(1-2v),
B. =2G[2va, +(1-v)a, ]/(1-2v),

(2a)
(2b)

where the coefficients o, and o are the linear thermal

expansion coefficient of the skeletal material in the
horizontal and vertical directions, respectively. The shear
stress components o,, and o, vanish with a vertical

axis of symmetry. For an isotropic thermoelastic medium,
the thermal expansion factors became

B =p.=B=(2G+34)a, . Here, A is the Lame
constant of the isotropic soil mass and ¢, denotes the

linear thermal expansion coefficient of the isotropic soil
skeleton.
The thermal stresses o, must satisfy the following

equilibrium relations:

O,

+b =0, 3)
where b, denote the body forces. By equations (1a)-(1d),
the equilibrium equations for axisymmetric deformation
with vanishing body forces (b, =0) can be expressed in
terms of displacements u, and temperature increment of
the soil mass 4 as below:

oViu +—2 a—g—G”—;
1-2v or r

a9 _
or

0,

-8, (4a)

-43 -

09

“or

GViu +—G 85_

z A O’
1-2v oz

(4b)

where V? =8%/6r* +1/rd/or+8*/6z* is the differential
operator. The volume strain & =0du, /or +u, [r+du, [0z .

Besides of equations (4a) and (4b), another equation
for the three variables u, , u, and 4 are obtained from

the conservation of energy:

-V-h+q,=0, (5)

heat flux vector and

internal/external heat source, respectively.
The anisotropic thermal flow is assumed to be
governed by Fourier’s law as follows:

where h and ¢, are the

_ﬂ'tr %ir - ﬂ'tz %iz 4
or oz

h= ()

where the quantities A, and 4. are the thermal

conductivities of soil mass in the horizontal and vertical
directions, respectively. The symbols i, and i, denote

the unit vectors parallel to the radial and wvertical
directions, respectively.

Let us consider a deep point heat source of constant
strength QO located at the position of (0,0) and

substituting (6) into (5) lead to

(629 1619]
| 5 +—— |+
or r or

where 5(x) is the Dirac delta function. Equations (4a),

% 0

A —2+
oz~ 2rxr

(74

5(r)s(z)

=0, (7

(4b) and (7) constitute the basic governing equations of
the axisymmetric thermally elastic responses of a cross-
anisotropic stratum subjected to a deep point heat source.

2.2 Boundary Conditions

It’s reasonable to assume that the effect of point heat
source vanishes at infinity (z — + o). Therefore, the

boundary conditions for the full space are represented as:

lim {ur (r,z),u, (r,z),&‘(r,z)} ={0,0,0}.

z—>two

(®)

The basic equations (4a), (4b), (7) and corresponding
boundary conditions (8) constitute the mathematical
model of the presented study.

3. Analytic Solution

The closed-form solutions of thermoelastic deformation,
temperature change of the soil mass and thermal stresses



due to a point heat source buried in a cross-anisotropic
elastic full space can be obtained by using Hankel
transform [14] and equations (1a)-(1d) as follows:

_Qa. (el
g CLIGS)
+[2n6, - (2n-1) 8. |9, (r,z)} , (92)
Qo (g
e pCAAGS)
+[208. (21 -1) B ] (r.2)} » (%)
0
= =y & (r,z) s (9¢)
G . N
= B (2) 20 1) B 1)
+[2(20-1)8 - . ] (r.2)+nB 4 (r.2)
o (ro2)+[ 208 - (2n-1)B. g ()} Od)

4zni,
+[2(277—1),B: —ﬁ;}¢g(’”=2)+77ﬂf¢9 (r.2)
B (r2)-[208, (201 B () ©9)
_QGa,
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o :%{[mﬂf ~2(n-1)£. ]¢a (r.2)

+[2n8: —Z(ﬂ—l)ﬂ:]¢l3(r,z)}’ %g)

where 77 =(1-v)/(1-2v). The parameters g’ and 4
are defined as follows:

(10a)
(10b)

B =2v+a,/a.)/l-2v),
B = 2[(1—v)+2vav/aﬂ]/(l—2v).

The definitions of functions ¢. (i :1,---,13) in (92)-(9g)

are listed below:

1 r 1 r
Q(r’z)_4(u )R (pr-1) R
b (11a)
2,u(,uz—1) R,
B 1 _I’|Z| r 1 r
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_44 -

(11b)

(11c)

(11d)

(11e)

(116)

(11g)

(11h)

(11i)

(11))

(11k)



. S (111)
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1 rz 1 r
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in which the parameters u=./4,/4. , R=\r 2,
R = r2+zz+|z| > RH:\]VZ"',UZZZ >
R, =" + 1’2" + pu|2| , respectively.

Using L’Hospital’s rule and applying the limit
A /2. >1 and «, /o, —>1, the solutions of an

and

isotropic soil mass with isotropic heat conductivity are
obtained from (9a)-(9g). Carrying out the procedure, we
obtain

gl
- %% , (12¢)

i

ot

Sy

:_QGaS(Hv) rz (129)

where 4, denotes thermal conductivity of the isotropic

soils.

From the derived closed-form solutions, equations
(92)-(9g), we find all field quantities are functions of the
distance from the heat source and are proportional to the
linear thermal expansion coefficient. However, they are
inversely proportional to the thermal conductivity.
Besides, the shear modulus does not have influence on
displacements and temperature increment of the soils.

4. Numerical Results

Referring to the soil element in Figure 1, the numerical
results of the thermal stress distributions of o, are
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summarized in Figures 2-5. The assumed Poisson’s ratio
of the soil mass is v =0.3, and the thermal stresses were

normalized by the factor QGa,, /474, . As shown in the
figures 2-5, the isobaric contours of thermal stresses of
soil mass o, , 0, , 0, and o, near the point heat

zz

source are significantly affected by the ratio of thermal
properties «,, /. and A, /4. . The rise of the ratio of

linear thermal expansion coefficients «,, /o, leads to

corresponding rise of thermal stress components with
varying degrees of anisotropy. Nevertheless, the thermal
stress components decrease with the increase of the ratio
of thermal conductivities 4,/4, . All thermal stress

changes are compressive, and it helps to prevent thermal
failure of soil.

(9’9)'9 Point Heat
/' Source of
/1 Constant

. Strength O

r

R 3

0/71)

Figure 1. Thermal stresses on soil element due to a deep
point heat source.

High-level radioactive waste generates heat, and it
leads to temperature increase for the soil surrounding the
canister. Hueckel and Peano [4] indicated that European
guidelines require that temperature increments in the soil
close to the heat source should not exceed 80°C while the
temperature increments at the ground surface is limited to
less than 1°C. The heat outputs generated by canisters are
assumed to be 224 W/m [15], 325 W/m [1], or 1000 W/m

[6].
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On the basis of equations (12a)-(12g), Tables 1 and 2
gives the normalized values of the derived analytical
solutions. The selected representative parameters of
isotropic soil, Boom clay, are listed in Table 3 to verify
the proposed solutions.
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At the distance of 7 = 0~10 m and z = 0.3 m away from
the heat source corresponding to the parameters listed in
Table 3, the displacements, temperature increments and
thermal stresses of the stratum due to a deep point heat
source are shown in Tables 4 and 5, respectively.



Table 1. Normalized values of the displacements and
temperature change of the isotropic soil due to a deep
point heat source.

u, U, 9

r Oa, (1+v) Oa, (1+v) 0o

z 8724, (1-v) 874, (1-v) 471,z
0.0 0.0000 1.0000 1.0000
1.0 0.7071 0.7071 0.7071
2.0 0.8944 0.4472 0.4472
3.0 0.9487 03162 03162
4.0 0.9701 0.2425 0.2425
5.0 0.9806 0.1961 0.1961
6.0 0.9864 0.1644 0.1644
7.0 0.9899 0.1414 0.1414
8.0 0.9923 0.1240 0.1240
9.0 0.9939 0.1104 0.1104
10.0 0.9950 0.0995 0.0995

Table 2. Normalized values of the thermal stresses of the
isotropic soil due to a deep point heat source.

—O, —Ouwo —0. —0.
I QGa,(1+v) QGa,(1+v) QGa,(1+v) QGa,(l+v)
z 42, (1-v)z  4nA,(1-v)z  4mA,(1-v)z 474 (1-v)z
0.0 1.0000 1.0000 2.0000 0.0000
1.0 1.0607 0.7071 1.0607 0.3536
2.0 0.8050 0.4472 0.5367 0.1789
3.0 0.6008 0.3162 0.3479 0.0949
4.0 0.4708 0.2425 0.2568 0.0571
5.0 0.3847 0.1961 0.2037 0.0377
6.0 0.3244 0.1644 0.1688 0.0267
7.0 0.2800 0.1414 0.1442 0.0198
8.0 0.2462 0.1240 0.1259 0.0153
9.0 0.2195 0.1104 0.1118 0.0121
10.0 0.1980 0.0995 0.1005 0.0099

Table 3. Selected representative parameters [1].

Parameter Symbol Value Units
Shear modulus G 100 MN/m?
Thermal strength 0] 325 Jls
Linear thermal a 117 x 107 oc!
expansion coefficient §
Thermal conductivity 4, 1.69 J/sm°C
Poisson’s ratio v 0.35 Dimensionless

Note: The thermal strength Q that simulates the high-level
radioactive waste is obtained from an assumed 1 m length
line heat source with the heat output strength of 325 W/m.

Table 4. Typical values of the displacements and
temperature increments of the isotropic soil due to a deep
point heat source.

r z u, u, g
(m) (m) (m) (m) O
0.0 03 0.000000 0.001859 510
0.1 03 0.000588 0.001764 48.4
0.2 03 0.001031 0.001547 424
0.3 03 0.001315 0.001315 36.1
1.0 0.3 0.001781 0.000534 147
20 03 0.001839 0.000276 7.6
3.0 0.3 0.001850 0.000185 5.1
4.0 03 0.001854 0.000139 3.8
5.0 03 0.001856 0.000111 3.1
6.0 03 0.001857 0.000093 25
7.0 03 0.001858 0.000080 22
8.0 03 0.001858 0.000070 19
9.0 03 0.001858 0.000062 1.7
10.0 03 0.001859 0.000056 15

Table 5. Typical values of the thermal stresses of the
isotropic soil due to a deep point heat source.

r z O 47 O Oz )
(m) (m)  (Pa) (Pa) (Pa) (Pa) 0= O
00 03 -1239572 -1,239,572 -2,479,144 0 050  0.50
0.1 03 -1293,558 -1,175,961 -2234327 -352,788 177  0.92
02 03 -1348,736 -1,031,386 -1,745423 -476,024 177 092
03 03 -1314765 -876510 -1314,765 -438255 1.77  0.92
10 03 -682,967  -356,188  -385,598 98034 177  0.92
20 03 363,711  -183,879  -187,925 26975 194  0.98
30 03 245463 -123342  -124563  -12212 197 0.99
40 03 -184897 92708 93226  -6914 198  0.99
50 03 -148215 74241 74507 -4438 199 1.00
60 03 -123648  -61901  -62,056  -3,087 199  1.00
70 03 -106054  -53076 53,173 2271 199  1.00
80 03 92837  -46451 46517  -1,739 200  1.00
9.0 03  -82546  -41296  -41342  -1375 200  1.00
100 03 74307 37,170 -37,204  -L,114 200  1.00
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The maximum radial displacement u, , vertical
displacement u_, temperature increment ¢, radial normal

stress o

o, and shear stress o, of the stratum shown in Tables
4 and 5 are 1.859 mm, 1.859 mm, 51°C, -1.35 MPa, -1.24
MPa, 248 MPa and -0.48 MPa, respectively. The
temperature increment is below 1°C at the soil stratum 16
m away from the point heat source. The ratio of the radial
normal stress o, to the vertical normal stress o_ ranges

hoop normal stress o, , vertical normal stress

from 0.5 to 2.0, and the ratio of the hoop normal stress
o, to the vertical normal stress o, ranges from 0.5 to

1.0.



5. Conclusions

The closed-form solutions of thermoelastic responses due
to a point heat source buried in a cross-anisotropic
thermoelastic full space were obtained by using Hankel
transform. The results were examined by simplifying the
solutions of cross-anisotropic thermoelastic responses into
the case of isotropic one. The solutions show that:

1. All field quantities are functions of the distance from
the heat source and are proportional to the linear
thermal expansion coefficient. However, they are
inversely proportional to the thermal conductivity.
Besides, the shear modulus does not have influence
on displacements and temperature increment of the
soils.

Based on the numerical results obtained for the
anisotropic thermoelastic study, the thermal stresses
of soil mass are compressive and are significantly
affected by the ratio of thermal properties «,, /a,,

and A, /2, .

expansion

The rise of the ratio of linear thermal

a.vr /aSZ
corresponding rise of thermal stress components with
varying degrees of anisotropy. However, the thermal
stress components decrease with increase of the ratio
of the thermal conductivities 4, /4, .

coefficients leads to

3. At the distance of » = 0~10 m and z = 0.3 m away
from the heat source corresponding to the parameters
listed in Table 3, we obtained the ratio of the radial
normal stress o, to the vertical normal stress o,

ranges from 0.5 to 2.0, and the ratio of the hoop
normal stress o, to the vertical normal stress o,

ranges from 0.5 to 1.0.
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Nomenclature

b, Body forces (Pa/m)

G Shear modulus of the isotropic thermoelastic
medium (Pa)

h Heat flux vector (J/sm?)

Unit vector parallel to the radial/vertical

direction (Dimensionless)
q, Internal/external heat source (J/sm’)
0 Strength of the point heat source (J/s)
(r,6,z) Cylindrical coordinates system (m, radian, m)

Parameter, R =+ r? +z> (m)
' Parameter, R" =r? + z* +|z| (m)
R, Parameter, R, =/r’ +u’z* (m)
* * 2 2.2
R, Parameter, R, =/r" + "z +,u|z| (m)

u, /u,  Horizontal/vertical displacement of the
thermoelastic medium (m)

a, Linear thermal expansion coefficient of the
isotropic thermoelastic medium (°C™")

a,, /o, Linear thermal expansion coefficient of the

cross-anisotropic thermoelastic medium in the
horizontal/vertical direction (°C™")

Y] Thermal expansion factor of the thermoelastic
medium, S =(2G+34)a, (Pa/C)

B. Thermal expansion factor in the horizontal
direction, B, =2G(a,, +va,,)/(1-2v) (Pa’C)

B. Thermal expansion factor in the vertical
direction, 8. =2G[2va,, +(1-v)a,, ]/(l -2v)
(ParC)

B Parameter, B =2(v+a, /a,)/(1-2v)
(Dimensionless)

B Parameter,
B = 2[(1—V)+2vav/asz:|/(l—2v)
(Dimensionless)

Dirac delta function (m™")

g Volume strain of the thermoelastic medium
(Dimensionless)

n Parameter, 77 = (1-v)/(1-2v) (Dimensionless)

9 Temperature increment of the thermoelastic
medium (°C)

A Lame constant of the isotropic thermoelastic

medium (Pa)

- 49 -

Thermal conductivity of the isotropic
thermoelastic medium (J/sm°C)

Thermal conductivity of the cross-anisotropic
thermoelastic medium in the horizontal/vertical
direction (J/sm°C)

Poisson’s ratio of the isotropic thermoelastic
medium (Dimensionless)

Thermal stress components of the thermoelastic
medium (Pa)

Functions defined in equations (11a)-(11m)
(Dimensionless or m™")

Differential operator,
V2 =08%/or* +1/réfor+3* /2> (m™)
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ABSTRACT

Thermoelastic deformation due to an impulsive point heat
source is the analog of poroelastic response caused by an
impulsive point sink. In this paper, Biot’s three-
dimensional consolidation theory is introduced to derive
the analytical solutions of the elastic transient
consolidation deformation with an impulsive point sink in
saturated isotropic poroelastic half space. The transient
ground surface displacement produced by an impulsive
point heat source is described through analog quantities
between poroelasticity and thermoelasticity. Closed-form
solutions of the horizontal and vertical displacements are
obtained by using Laplace and Hankel integral transforms.
Attention is focused on the maximum surface horizontal
displacement compared to the maximum surface
settlement. Results show that the horizontal displacement
is about 38.5% of the maximum ground surface
settlement. The study concludes that horizontal
displacement is significant and should be considered in
prediction of the transient settlement induced by
groundwater withdrawal.

KEY WORDS
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Point Heat Source

1. Introduction

Land subsidence due to groundwater withdrawal is a well-
known phenomenon [1]. The pore water pressure is
reduced in the withdrawal region as water pumped from
an aquifer. It leads to increase in the effective stress
between the soil particles and subsidence of ground
surface.

The three-dimensional consolidation theory presented
by Biot [2,3] is generally regarded as the fundamental
theory for modeling land subsidence. Based on Biot’s
theory, Booker and Carter [4-7], Tarn and Lu [8]
presented solutions of subsidence by a point sink in a
saturated elastic half space at a constant rate. Chen [9,10],
Kanok-Nukulchai and Chau [11] presented analytical
solutions for the transient or steady-state responses of
displacements and stresses in a half space subjected to a
point sink of constant pumping rate. In the studies of
Booker and Carter, the flow properties are considered as
isotropic or cross-anisotropic whereas the elastic
properties of the soil are treated as isotropic with pervious
half space boundary. Tarn and Lu found that groundwater
withdrawal from an impervious half space induces a
larger amount of consolidation settlement than from a
pervious one. The anisotropic permeability was proved to
have significant effects on the land subsidence due to

v
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fluid extraction. Lu and Lin [12-14] displayed transient
displacements of the pervious half space due to steady
pumping rate [12,13] and impulsive pumping [14]. The
analog between poroelasticity and thermoelasticity was
discussed by Lu and Lin [12], Norris [15], Manolis and
Beskos [16], etc. Nevertheless, the analysis of
consolidation settlement and excess pore water pressure
due to impulsive groundwater withdrawal corresponding
with  the analog between poroelasticity and
thermoelasticity were not obtained in the above studies.
More description on the consolidation effect due to
impulsive pumping is needed in this study.

The governing equations of poro-mechanics are similar
to the equations appeared in thermo-mechanics. Based on
the analogy of poroelasticity and thermoelasticity,
impulsive point heat source induced elastic transient
horizontal and vertical displacements of the ground
surface are obtained. Figure 1 shows an impulsive point
sink or heat source in a stratum at a depth & where the
stratum is modeled as saturated/thermally isotropic elastic
half space. Point sink is usually introduced to simulate
groundwater withdrawal and radioactive canister buried in
a half space can be treated similar to a point heat source.

The pervious ground surface in poroelasticity is
corresponding to a constant temperature of the ground
surface in thermoelasticity. The elastic transient
horizontal and vertical displacements of the ground
surface due to an impulsive point sink, corresponding to
an impulsive point heat source, are obtained by using
Laplace and Hankel transforms. Results are illustrated
and compared to provide better understanding of the time
dependent ground surface displacements due to pumping
or point heat source.

Permeable/Isothermal Surface

Impulsive Point Sink of Strength O,/
InstantaneoyS Point Heat Source of Strength H,

Poroelastic/Thermoelastic Half Space

Figure 1. Impulsive point sink/instantaneous point heat
source induced mechanics of poroelastic/thermoelastic
problem.



2. Mathematical Model of Poroelasticity

2.1 Governing Equations

Figure 1 shows an impulsive point sink in a saturated
porous stratum at a depth 4. The soil mass is considered
as a homogeneous isotropic porous medium. The
constitutive stress behaviors of the elastic soil skeleton are

o, =2G¢; +12 1,2,3, (1

Gv
> ey I
in which o, are the total stress components; &, are the

strain components; v is Poisson’s ratio and G is shear
modulus of the stratum. The excess pore water pressure p

is positive for compression, and ¢, is the Kronecker delta.

The strains ¢, and displacement components u; are

given by the linear law

& =3(u, +u,)s .7 =1.2.3.

U

)
The total stress must satisfy the equilibrium equations

o, +b =0,

)

Lj=12,3, A3)

where b, denote the body forces. Eqgs. (1) and (2) are
used in the equilibrium equations to express their forms in
displacements u, and excess pore water pressure p as
follows:

—e&,,—p,=0,i=12,3. 4
y i P,
Consider an impulsive point sink of instantaneous
strength O, at time =0 located at point (0,4). The
uncoupled governing equation in axially symmetric

coordinates (r,z) is derived from the conservation of
mass and Darcy’s law as
h)5(t)=0,

—ip”+n,b’—[+2Q0 5(r)o(z- )

w

where k and n are the permeability and porosity of the
porous medium, respectively; £ is the compressibility of

pore water; y, is the unit weight of pore water; &(x) is

the Dirac delta function. Egs. (4) and (5) constitute the
basic governing equations of the time-dependent
poroelastic responses of a saturated porous medium.

2.2 Boundary Conditions and Initial Conditions
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Consider the half space surface, z = 0, which is a traction-

free and pervious boundary for all times >0 . The
mathematical statements of the boundary z = 0 are:
o, (r,0,t)=0, o (r,0,)=0,and p(r,0,6)=0. (6a)

The boundary conditions at the remote boundary
z — oo due to the effect of an impulsive point sink must
vanish at any time. This can be written as

u, (r,z,t),p(r,z,t)} = {0,0,0} .

lim{uy (r,z,t),

Z—0

(6b)

Assuming no initial change in displacements and
seepage of the stratum, the initial conditions at time ¢ =0
of the mathematical model due to a point sink can be
treated as

u,(r,z,O)zo, uz(r,z,O)zO,and p(r,z,O)zO. @)

The governing equations (4)-(5), correspond with the
boundary conditions (6a)-(6b) and initial conditions (7)
constitute the mathematical model of the presented study.

3. Mathematical Model of Thermoelasticity
3.1 Governing Equations
The constitutive behavior of the isotropic body with an

instantaneous point heat source buried in a thermoelastic
isotropic half space at a depth 4 can be expressed by

26(1+v)a

1-2v

0,= 2Ggl.j+ 12Gv

5196

ij°

gkké‘"_ i J = 192339 (8)

)

Here, o, are the thermal stress components and 4 is the

temperature increment measured from the reference state.
The constants v, G and «, are the Poisson’s ratio, shear
modulus, and linear thermal expansion coefficient of the
thermoelastic medium, respectively.

The kinematic equation, Eq. (2), shows the relation
between the strains and displacements, and the thermal
stresses must satisfy the equilibrium relations, Eq. (3).
Using Egs. (2) and (8), the equilibrium equations (3) can
be expressed in terms of displacements u, and
temperature change of the thermoelastic half space 9 as
follows:

2G(1+v)a
1-2v

G
-2v

Gu; Gt 1

19,=0,i=1,2,3. (9

i~

Consider a point heat source of instantaneous point heat
source of strength H, that is located at point (0,4). The

uncoupled governing equation, which is axially symmetry,



is obtained from the conservation of energy and heat
conduction law as following:

48,0 28t
ot

v/}

5(r)o(z—h)6(1)

0, (10)

2zr

where 4, is the thermal conductivity and ¢, = pc. The
constants p and ¢ define the density and the specific
heat of the thermoelastic medium, respectively. Egs. (9)
and (10) constitute the basic governing equations of the
transient responses of a thermoelastic medium due to an
instantaneous point heat source.

3.2 Boundary Conditions and Initial Conditions

The half space surface, z = 0, is considered as traction-
free, and it does not have temperature change for all times
t>0. The boundary conditions on surface z = 0 are
given by

o, (r,0,t)=0, o_(r,0,/))=0,and $(r,0,/)=0. (1la)
The boundary conditions at the remote boundary

z —> o due to the effect of an instantaneous point heat
source must vanish at any time. This can be written as

lim{ur (r, z,t),uz (r,z,t),&'(r,z,t)} = {0,0,0} .

z—0

(11b)

Assuming there are no initial change of displacement
and temperature for the thermal elastic medium, the initial
conditions at time f=0 due to an instantaneous point
heat source can be treated as

ur(r,z,0)=0, uz(r,z,O):O,and 19(}",2,0)20. (12)

From these governing equations, the corresponding
quantities of poroelasticity and thermoelasticity are shown
in Table 1.

Table 1. Analogy of poroelastic and thermoelastic
quantities.
Poroelasticity Thermoelasticity
2G(1+v)a,
P — 39
1-2v
5 (1-2v)e,
n B St
2G (1 + V) a,
k (1-2v)4,
Y 2G(1+v)a,
Qo —H, 0
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4. Analytic Solutions

Applying Laplace and Hankel integral transformations
[17,18], the transient horizontal and vertical
displacements of the ground surface z = 0 due to an
impulsive point sink in axially symmetric coordinates

(r,z) are obtained as follows:

_ Qwa _
 (r.0.)= 2(2n—1)7Gk

cr

(hz +r2)

N L r’ r?
+ e ¥ | I|—|-L|—||dr},(13a
.[0 1673 |:0[82'J I(STH } (132)

3/2

Qwa Ch
220-1)7Gk | (52 47} erf{

|

where ¢=k/npy, ; I,(x) is known as the modified

u, (r,O,t):

2Jet

W +r?

_ ch 1
o+

e 4et

(13b)

et

Bessel function of the first kind of order & ; and erf (x)

denotes error function. The instantaneous ground surface
horizontal and vertical displacements of the pervious half
space at ¢t — 0" are obtained from Egs. (13a)-(13b) as
following:

- <O, r
u,(r,0,07) = 2(2’7_01)”% (h2+r2)3/2 : (14a)
. (10,0 ==L " (14b)

2(21-1)7Gk (s 42"

The maximum ground surface horizontal displacement
u and vertical displacement u_,  of the half space

r max ax

due to an impulsive point sink are derived from equations
(14a) and (14b) by letting » = h/+2 ~0.707h and r=0,
respectively, as below:

* 3cQy7,
urmax:ur(h/\/E,O,O ):_W, (15a)
Us e = U (0, 0,0" ) _ Q7 1)

2(2n-1)nGkh*

in which the critical value r:h/ V2 is derived when
du, (r, 0,0" ) / dr is set equal to zero. Hence, the absolute

can be

zZ max

value of the displacement ratio u,, /u

derived from Egs. (152a) and (15b) as following:



Uy max
—x100% =
u

z max

2fx100%;38.5%. (16)
The above result shows the maximum ground surface
horizontal displacement is around 38.5% of the maximum
vertical displacement for the pervious ground surface due
to an impulsive point sink. Hou et al. [19] shown that
ground surface horizontal displacement occurred when
pumping from an aquifer.

The study also addressed the excess pore water
pressure of the porous elastic half space due to an
impulsive point sink. The transient excess pore water
pressure p(r,z,t) of the saturated pervious half space

due to an impulsive point sink is obtained as following:

2

B r2+(z+h) B r2+(th)2

e 4ct —e 4ct . (1 7)

Oy, 1

p(l”,Z,t) —&T—kﬁ

Solutions of buried point heat source induced ground
surface displacements and temperature increment of the
thermoelastic half space can be easily derived through the
Analog parameters described in Table 1.

5. Numerical Results
The particular interest is the vertical displacement of
stratum at each stage of the consolidation process, and the

average consolidation ratio U is defined as:

_ Ground surface vertical displacement at time ¢

18
Maximum vertical displacement, u_,,,. (15)
For pervious half space, U can be derived as below:
3 2, 2 2, 2 K+
vt - VB 7 | R e 19)
2 2
(h +r ) 2t zet

Figure 2 shows the average consolidation ratio U at
r/h=0,0.5, 1, 1.5, 2 and 10 for the impulsive pumping.
Note that U initially decreases rapidly, and then the rate
of vertical displacement reduces gradually. Each final
value of U vanished for the saturated aquifer is treated as
linear elastic porous medium in this mathematical model.

100

80

60

40

20

Percent Average Consolidation Ratio, U (%)

Time Factor, ct/i’

Figure 2. Average consolidation ratio U at r/h =0, 0.5,
1, 1.5, 2 and 10 for impulsive groundwater withdrawal.
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Figure 3. Normalized vertical displacement profile at the
ground surface z =0 for impulsive pumping.

o
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Normalized Radius, #/A

Figure 4. Normalized horizontal displacement profile at
the ground surface z = 0 for impulsive pumping.
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Figure 5. Distribution of normalized excess pore water
pressures p(r,z, t)/[cQoyw/&rl‘Skh}J .

The typical values for the elastic coefficients used in
the practical example of the saturated medium dense sand
are given in Table 2. If the pumping depth # is 10 m and
the instantaneous amount of groundwater is pumped from
the aquifer at Q, = 0.1 m’ initially, then it has a

maximum  horizontal displacement and vertical

apdoq pazifeutioN

yz
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displacement at the pervious ground surface of 0.88 cm
and 2.28 cm, respectively.

The profiles of normalized vertical and horizontal
displacements at the ground surface z=0 are shown in
Figures 3 and 4, respectively. The results shown in
Figures 3 and 4 indicate that the ground surface
displacements due to impulsive pumping can reach its
extreme values initially, and then the displacements
decreases gradually. Figure 4 shows that the ground
surface has significant horizontal displacement, and the
maximum ground surface horizontal displacement is
around 38.5% of the maximum vertical displacement at
r/h =~ 0.707 for the impulsive pumping.

From Eq. (17), the profiles of normalized excess pore
water pressure  p(r, z,t)/[con/w/87rl'5kh3J of the
pervious half space at four different dimensionless time

factors ,/ct/hz 0.2, 04, 0.6, 0.8, 1.0 and 1.2 are

illustrated in Figures 5(a)-(f), respectively. The changes
in excess pore water pressure have negative value p

which is caused by suction of groundwater withdrawal.
It’s observed that the negative excess pore water pressure
increases to a wider region of the aquifer initially and then
gradually decreased. The impulsive pumping induced
negative excess pore water pressure finally full dissipated.
The elastic deformations of the stratum due to
groundwater extraction will fully recover after the excess
pore water pressure dissipated.

Table 2. Typical values of the elastic saturated aquifer of
medium dense sand

Parameter Symbol Value Units
Shear modulus [4] G 20%10° Nim?
Porosity [20] n 0.3 -
Poisson’s ratio [4] 14 0.3 -
Permeability [4] k 1x10° mls
Compressibility of water [21] /B 2.14%10° N/m®
Unit weight of water [4] | 9,810 Nim?®

6. Conclusions

Closed-form solutions of the transient consolidation due
to impulsive pumping from pervious poroelastic half
space were obtained using Laplace and Hankel
transformations. ~ Vertical settlement, ground surface
horizontal displacement and excess pore water pressure
were investigated. The results show:

1. The corresponding quantities of poroelasticity and
thermoelasticity —are discussed through their
governing equations. The ground surface horizontal
displacement, vertical displacement and temperature
increment of the thermoelastic half space due to a



buried instantaneous point heat source can be derived
through their corresponding analogy listed in Table 1.
2. The ground surface displacements due to impulsive
pumping reach its extreme values initially, and then
the displacements decrease gradually in this model.
Each final value of displacements vanished for the
saturated aquifer is treated as linear elastic medium.
3. The maximum ground surface  horizontal
displacement is around 38.5% of the maximum
vertical displacement of the pervious half space at

r=h/\2~0.707h .
displacement must be properly considered for better

prediction of the transient consolidation deformations
induced by groundwater withdrawal.

It concludes that horizontal
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j“f
Symbols
v
b, Body forces (Pa/m)
c Parameter, ¢ = k/nfy,, (m’/s); Specific o
heat of the thermoelastic medium (J/kg°C)
c, Parameter, ¢, = pc (J/m*°C) c.
ij
erf (x) Error function (Dimensionless)
G Shear modulus of the
poroelastic/thermoelastic medium (Pa)
h Pumping depth (m); Buried depth of heat
source (m)
H, Strength of an instantaneous point heat
source (J)
1, (x) Modified Bessel function of the first kind
of order v (Dimensionless)
k Permeability of the isotropic poroelastic
medium (m/s)
n Porosity of the poroelastic medium
(Dimensionless)
p Excess pore fluid pressure (Pa)
0, Amount of groundwater due to impulsive
pumping ()
(r, 9,2) Cylindrical coordinates system (m, radian,
m)
t Time (s)
u, Displacement components of the
poroelastic/thermoelastic medium ()
Uy s - e Maximum ground surface
horizontal/vertical displacement of the
poroelastic/thermoelastic medium (1)
U Average consolidation ratio
(Dimensionless)
a, Linear thermal expansion coefficient of
the thermoelastic medium (°C™")
p Compressibility of pore water (Pa™")
Vi Unit weight of pore water (N/m)
S5(x) Dirac delta function (m "' or s™")
o; Kronecker delta (Dimensionless)
£ Strain components of the

poroelastic/thermoelastic medium
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(Dimensionless)

Volume strain of the
poroelastic/thermoelastic medium
(Dimensionless)

Parameter, 77 = (1—v)/(1-2v)
(Dimensionless)

Temperature increment of the
thermoelastic medium (°C)

Thermal conductivity of the thermoelastic
medium (J/sm°C)

Poisson’s ratio of the
poroelastic/thermoelastic medium
(Dimensionless)

Density of the thermoelastic medium
(kg/m®)

Total stress components of the poroelastic

medium (Pa); Thermal stress components
of the thermoelastic medium (Pa)



